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SESSION 2024                                PSI3MO    
 

 

 
 
 

ÉPREUVE SPÉCIFIQUE - FILIÈRE PSI 
____________________ 

 

MODÉLISATION ET INGÉNIERIE NUMÉRIQUE 
 

Durée : 4 heures 
____________________ 

N.B. : le candidat attachera la plus grande importance à la clarté, à la précision et à la concision de la rédaction. 
!"#$%#&'%("(')#*+)#',*%-#.#/*0-/*/#&*#1$"#0*$)#2$"#+*,32*/#4)/*#$%*#*//*$/#(5-%6%&-7#"2#2*#+"8%'2*/'#+$/#+'#&60"*#
et devra poursuivre sa composition en expliquant les raisons des ini)"')"9*+#1$5"2#'#-)-#',*%-#.#0/*%(/*: 

 
RAPPEL DES CONSIGNES 

 

! Utiliser uniquement un stylo noir ou bleu foncé non effaçable pour la rédaction de votre composition ; (5'$)/*+#
couleurs, excepté le vert, bleu clair ou turquoise, peuvent être utilisées, mais exclusivement pour les schémas 
et la mise en évidence des résultats. 

! Ne pas utiliser de correcteur. 
! Écrire le mot FIN à la fin de votre composition. 
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!"#$% $&#' ()**%("%#* $% +,("%#* $% -#.//,'(%

0*1/%'",".)' 21'1*,3%

!" #$%"&' $(")*#+,'" -"#."* (/&)0".+1"."1* 2" (/$1"#3+" $(")*#+,'" 2"% %+*"% 2" -#42')*+41

5)"1*#&("% 1')($&+#"%6 7&##&3"% 082#4$(")*#+,'"%6 -&#)% $4(+"1%6 "*)9: ;"#% ("% )41%4..&<

*"'#%9 ="* &)0".+1"."1* "13"12#" 2"% -"#*"% 2/$1"#3+" 2+*"% !"#$"% "& '()&" ,'/+( )41;+"1*

2" .+1+.+%"#9

>&1% (& -,*".% 4 2" )" %'?"*6 14'% $*'2+41% (" #"2#"%%"'# 2+* @ *+!+*($, "& $-$" ,'+ "%* .+% "1
A';#" 2&1% 2" 14.7#"'B &--&#"+(% $(")*#+,'"% &(+."1*$% -&# (" #$%"&' $(")*#+,'"6 .&+% ,'+

1" -"#."* -&% 2" .+1+.+%"# ("% -"#*"% "1 (+31"9 >&1% (& -,*".% 446 '1 )41;"#*+%%"'# %*&*+,'"6
&--"($ *.##"*$"/# 0" 1+*$"/# 0" !/(%%+&*"6 "%* $*'2+$9 !4#%,'/+( "%* +1*"#)&($ "1*#" (" #$%"&'

"* '1" +1%*&((&*+41 $(")*#+,'" 24."%*+,'"6 +( .+1+.+%" ("% -"#*"% "1 (+31"9 C1D+16 2&1% (& -,*5
".% 4446 '1" %*#&*$3+" 2" )4..&12" 2' *.##"*$"/# 0" 1+*$"/# 0" !/(%%+&*" "%* $(&74#$" -&#
E1*"((+3"1)" F#*+D+)+"((" 5EF: 2&1% (" 7'* 2" *#4';"# '1 )4.-#4.+% "1*#" (& .+1+.+%&*+41 2"%

-"#*"% "1 (+31" "* (& .+1+.+%&*+41 2"% -"#*"% &' %"+1 2' )41;"#*+%%"'#9

G1 D4#.'(&+#" "* '1 #")'"+( 2" D41)*+41% 2' (&13&3" H8*041 %41* D4'#1+% "1 &11"B"% &' %'?"*9

0,*".% 4 5 6%$*%//%#* 7 (,-,(."1 %' "8"%

49: 5 0*1/%'",".)' $# ;)'",2%

!" %)0$.& $(")*#+,'" 2' #"2#"%%"'# @ )&-&)+*$ "1 *I*" "%* 2411$ %'# (& +.2#*% :9 !"% 2+42"%
D26 D36 D4 "* D5 )41%*+*'"1* (" -41* 2" J#&"*K "* %41* %'--4%$"% +2$&("%9

<.2#*% : 5 L)0$.& $(")*#+,'" 2' #"2#"%%"'# @ )&-&)+*$ "1 *I*"

L&'D ."1*+41 "B-(+)+*" )41*#&+#"6 (& *"1%+41 2' #$%"&' %"#& .42$(+%$" 2&1% (/"1%".7(" 2'

%'?"* -&# '1" %+1'%4M2" v(t) = V̂ cos(2π f t) &;") N

V̂ =
√

2 × 230 ≃ 325 V et f =
1

T
= 50 Hz. 5O:
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@:9 P1 &2."* ,'" %+ (& )0&#3" 1" )4.-4#*" -&% 2" )412"1%&*"'# &(4#% N

< ("% 2+42"% D1 "* D4 %41* -&%%&1*"% "* ("% 2+42"% D2 "* D3 %41* 7(4,'$"% (4#%,'"

v(t) > 0 Q

< ("% 2+42"% D2 "* D3 %41* -&%%&1*"% "* ("% 2+42"% D1 "* D4 %41* 7(4,'$"% (4#%,'"

v(t) < 09

R#&)"# &(4#% (/&(('#" 2" (& *"1%+41 uch(t) %+ (& )0&#3" 1/"%* )41%*+*'$" ,'" 2' #$%+%*4# 2"

#$%+%*&1)" R9

@=9 G1 )412"1%&*"'# 2" )&-&)+*$ C "%* -(&)$ "1 -&#&((S(" 2' #$%+%*4# -4'# #$2'+#" (/41<

2'(&*+41 2" (& *"1%+41 2$*"#.+1$" @ (& ,'"%*+41 -#$)$2"1*"9 P1 &2."* ,'" (& *"1%+41

&'B 74#1"% 2" (& )0&#3" uch(t) "%* ,'&%+."1* )41%*&1*" (4#%,'" (" *".-% .+% -&# ("

)412"1%&*"'# @ %" 2$)0&#3"# 2&1% (" #$%+%*4# "%* *#S% (413 2";&1* (& -$#+42" 2" uch(t)9

>$*"#.+1"# '1" +1$3&(+*$ "1*#" R6 C "* T -4'# ,'/+( "1 %4+* &+1%+9

A, "%'/.)' ,#B C)*'%/ $% 3, (D,*2% /%*, /#--)/1% ()'/",'"% $,'/ ")#" 3% *%/"% $#

/#E%"9

49= 5 F-%("*% $# ()#*,'" $% 3.2'%

!& +.2#*% = -#$%"1*" ("% )0#4143#&.."% 2" (& *"1%+41 2' #$%"&' v(t) "* 2' )4'#&1* 2" (+31"

i(t) ."%'#$% "B-$#+."1*&("."1* "1 -#$%"1)" 2' #"2#"%%"'# @ )&-&)+*$ "1 *I*"9

<.2#*% = 5 =0#4143#&.."% 2" (& *"1%+41 2' #$%"&' v(t)

"* 2' )4'#&1* 2" (+31" i(t)

G1 "B*#&+* 2' -#43#&.." H8*041 -"#."**&1* 2" )&()'("# (" %-")*#" 2' )4'#&1* 2" (+31" i(t)

"%* 2411$ 2&1% (" ",C3%,# :9 !"% 7+7(+4*0S,'"% 1'.-8 "* -8-(4* %41* %'--4%$"% +1%*&(($"%

2" (& .&1+S#" %'+;&1*" N (6!.#$ &/6!7 +% &! "* (6!.#$ 6+$!'.$'(89!7!'.$ +% !'$9 !" )4'#&1*

2" (+31" (:$;6 $)0&1*+((411$ @ '1" D#$,'"1)" 2" TU VWK -&# (/4%)+((4%)4-" '*+(+%$6 "%* %'--4%$

)0&#3$ 2&1% '1 *&7("&' 1'.-8 O> 14*$ X )4'#&1* X9
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!"# !"#$%&'() %(* $%&'() *+ ++ ,+ -+ ./+ .++ .0+ .,+ .1 (' .- ,( %-(.')/0' ,( $)"1)/##( ,"22&
,/2* %( 234$(35 .3 42 )/$$(%%( 56-62 )(76(0% ,( 8"27'0"2* 9:';"2 6'0%(* (*' ,"22& (2
/22(.( < 7( *6=('3

>? 9)"1)/##( 9:';"2
@ A B)&56(27( ,-&7;/2'0%%"22/1(
C B( D 333
E A >"#F)( ,-&7;/2'0%%"2*
G > D 333
H A !/%76% ,( %/ ')/2*8")#&( ,( B"6)0() ,0*7)I'(
J 88'K7"6)/2' D 333
L A M",6%( ,( %/ ')/2*8")#&( ,( B"6)0() ,0*7)I'(
N #",K88'K7"6)/2' D 333
O A P(7'(6) 8)&56(27(
@Q 8)(5 D 333
@@
@C A R)/7& ,6 *$(7')(
@E $%'38016)(S@+801*0T(DSN+JUU
@G $%'3$%"'S333+333+7"%")D-1)/:-+%02(V0,';DCU
@H $%'3.%0#S333+333U
@J $%'3.%/F(%S333+8"2'*0T(D@JU
@L $%'3:%0#S333+333U
@N $%'3:%/F(%S333+8"2'*0T(D@JU
@O $%'3'07WK$/)/#*S/.0*D-F"';-+%/F(%*0T(D@JU
CQ $%'31)0,SU
C@ $%'3*;"VSU

634$(35 . 7 9)"1)/##( ,( 7/%76% ,6 *$(7')( ,6 7"6)/2' ,( %012(

X( ,&Y(%"$$(#(2' (2 *&)0( ,( B"6)0() SZ3[3B3U ,( i(t) (*' ,( %/ 8")#( \

i(t) =

+∞∑

n=1

În cos(2πn f t + ϕn). SCU

!+# Z"22() %(* Y/%(6)* ,(* 7"(88070(2'* În 560 $(6Y(2' ]')( ,&,60'(* 1)/$;056(#(2' ,6
*$(7')( (2 /#$%0'6,( ,( i(t) ,( %/ 8%&59( "+ "F'(26 < $/)'0) ,6 $)"1)/##(3 ^6( $(6'_
"2 ,0)( ,(* ;/)#"2056(* $/0)*`

!0# a(')"6Y() $/) %( 7/%76% %/ 7"2*'/'/'0"2 8/0'( < %/ !+ (2 )(#/)56/2' 56( %( 7"6)/2'
,-02'(2*0'& i(t) Y&)080( %/ *:#&')0( ,( 1%0**(#(2' \ i(t) = −i(t − T/2)3

:#" 7 ;5%))3'<( =>?(''( 8>59'%( @39 $( 9A)(35

42 2"'( P %/ $60**/27(=>?(''( 8"6)20( $/) %( )&*(/6 < %-(2')&( ,6 $"2' ,( b)/('T3 !"##(
7( ,()20() (*' 7"2*'0'6& ,( 56/')( ,0",(* *6$$"*&(* 0,&/%(*+ P (*' &1/%(#(2' %/ $60**/27(
#":(22( )(c6( $/) %/ 7;/)1(3

!,# d'/F%0) %-(.$)(**0"2 ,( P (2 8"27'0"2 ,( V̂ (' ,( 7()'/02* $/)/#I')(* ,6 Z3[3B3 ,( i(t)3
!"##(2'()3 42 )/$$(%%( 56-62 8")#6%/0)( (*' ,"22& (2 /22(.(3
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C%&59( " 7 [$(7')( (2 /#$%0'6,( ,6 7"6)/2'

!1# !/%76%() 26#&)056(#(2' P (2 *6$$"*/2' 56( ϕ1 = 03

:#+ 7 D>EA$%)32%>' E5 9A)(35

42 /,#(' ,/2* %/ *60'( 56( %( )&*(/6 &%(7')056( $(6' ]')( #",&%0*& $/) %-/**"70/'0"2 *&)0(
,-62( *"6)7( ,( '(2*0"2 ,( 8")7( &%(7')"#"')07( e(t) *026*"e,/%( ,( 8)&56(27( ,( HQ fT+ ,-62
)&*0*'") ,( )&*0*'/27( r (' ,-62( F"F02( ,-02,67'/27( λ S 8%&59( +U3 X")*56( %( )&*(/6 ,&%0Y)(
62 7"6)/2' ,-02'(2*0'& i(t) 2"2 *026*"e,/%+ /%")* %/ '(2*0"2 v(t) *( ')"6Y( %&1I)(#(2' ,&8")#&(3

C%&59( + 7 M",&%0*/'0"2 ,6 )&*(/6 &%(7')056(

!-# 42 *"6;/0'( (2)(10*')() %( 7;)"2"1)/##( ,( %/ 8")7( &%(7')"#"')07( e(t) < %-/0,( ,-62
"*70%%"*7"$( 26#&)056(3 g.$%056() 7"##(2' $)"7&,()3

X(* 7;)"2"1)/##(* ,( %/ ,088&)(27( e(t)−v(t) (' ,6 7"6)/2' ,-02'(2*0'& i(t) *"2' ,"22&* ,/2*
%/ 8%&59( 03

!F# g.$%056() $"6)56"0 %(* 7;)"2"1)/##(* ,( %/ 8%&59( 0 7"2,60*(2' < 7"2*0,&)() λ D Q
(2 $)(#0I)( /$$)".0#/'0"23 dY/%6() (2*60'( %( $/)/#I')( r3
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!"#$%& ' ( !"#$%$&#'(()* +) ,' +-../#)%0) e(t) − v(t)

)1 +2 0$2#'%1 +) ,-&%) i(t)

)*' ( +&%,&- &. /"#.&

3% %$1) Ppertes ,)* 4)#1)* )% ,-&%) 52- 0$##)*4$%+)%1 6 ,' +-../#)%0) )%1#) ,' 42-**'%0)($7)%%)

.$2#%-) 4'# e(t) )1 ,' 42-**'%0) ($7)%%) P #)82) 4'# ,' 0"'#&)9

012* :$%%)# ,;)<4#)**-$% ,-11/#',) +) Ppertes9 =2(/#-52)()%1 $% 1#$2>) Ppertes ≃ ?@ A9 B<4,-C

52)# 0$(()%1 )*1 $D1)%2) 0)11) >',)2# %2(/#-52) 6 4'#1-# +)* >',)2#* +)* 0$)..-0-)%1*

În $D1)%2)* 6 ,' 03 E,) 0',02, %2(/#-52) 0$(4,)1 %;)*1 4'* +)('%+/F9

011* G$2# 2%) (H() 42-**'%0) ($7)%%) .$2#%-) 4'# ,) #/*)'2 /,)01#-52)I )<4,-52)# 4$2#C

52$- 2% 0$2#'%1 +) ,-&%) i(t) *-%2*$J+', )% 4"'*) '>)0 ,' 1)%*-$% +2 #/*)'2 v(t) 4)#()1

+) #/+2-#) ,)* 4)#1)* )% ,-&%) 4'# #'44$#1 '2 0'* +;2% 0$2#'%1 +) ,-&%) -(42,*-$%%),9

G$2# ,) #)+#)**)2# 6 0'4'0-1/ )% 1H1) /12+-/I 52),,) #/+201-$% +)* 4)#1)* )% ,-&%)

$D1-)%+#'-1C$% *- ,) 0$2#'%1 +) ,-&%) i(t) /1'-1 *-%2*$J+', )% 4"'*) '>)0 v(t)K 3% +$%C

%)#' ,) #/*2,1'1 *$2* .$#() +;2% 4$2#0)%1'&)9

:'%* ,) D21 +) #/+2-#) ,)* 4)#1)* )% ,-&%)I $% /12+-) +'%* ,' +)2<-L() 4'#1-) +) 0) *2M)1 2%

+-*4$*-1-. 4)#()11'%1 ,;'D*$#41-$% +;2% 0$2#'%1 +) ,-&%) *-%2*$J+',9
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+7%,"& )) ( 89%%&:,&$% ;& <7:,&$% ;& =$"--7.:&

N% 0$##)01)2# +) .'01)2# +) 42-**'%0) )*1 2% +-*4$*-1-. +) ,;/,)01#$%-52) +) 42-**'%0) 52;$%
-%1)#0',) )%1#) ,) #/*)'2 )1 ,' 0"'#&) 52- 4)#()1 '2 0$2#'%1 +) ,-&%) +;H1#) *-%2*$J+', )1 )%
4"'*) '>)0 ,' 1)%*-$% +/,->#/) 4'# ,) #/*)'29 O) 0$##)01)2# +) .'01)2# +) 42-**'%0) /12+-/
-0- )*1 0$%82 6 4'#1-# +;2% "'0")2# *2#>$,1)2#9

))*1 ( >7:?&$% -$%@9/,&$%

O) "'0")2# *2#>$,1)2# )*1 1$21 +;'D$#+ 21-,-*/ 4$2# 1#'%*./#)# +) ,' 42-**'%0) )%1#) 2%) *$2#0)
+) 1)%*-$% 0$%*1'%1) )1 4$*-1->) U0 )1 ,' 0"'#&)9 O) ($%1'&) 0$##)*4$%+'%1 )*1 +$%%/ *2#
,' <"#$%& 49 O) 1#'%*-*1$# Tr )1 ,' +-$+) D *$%1 *244$*/* -+/'2<9 O' 1)%*-$% '2< D$#%)* +) ,'
0"'#&) )*1 *244$*/) 0$%*1'%1) P uch(t) = UchI '>)0 Uch > U09 Q>)0 ,)* 0$%>)%1-$%* +;$#-)%1'C
1-$% 4#/0-*/)* *2# ,' <"#$%& 4I $% %$1) P

C #)*4)01->)()%1 uTr(t) )1 uD(t) ,)* 1)%*-$%* '2< D$#%)* +) Tr )1 +) D R
C iL(t)I iTr(t) )1 iD(t) ,)* 0$2#'%1* 1#'>)#*'%1 #)*4)01->)()%1 ,' D$D-%)I Tr )1 D9

!"#$%& 4 ( S$%1'&) '>)0 "'0")2# *2#>$,1)2#

O) *-&%', +) 0$(('%+) +2 1#'%*-*1$# Tr )*1 4/#-$+-52) +) 4/#-$+) THI -, )*1 1), 52) P

C 4$2# t ∈ [0, αTH[I '>)0 α ∈]0, 1[I ,) 1#'%*-*1$# Tr )*1 .)#(/ E$% ' +$%0 uTr = 0F R
C 4$2# t ∈ [αTH, TH]I ,) 1#'%*-*1$# Tr )*1 $2>)#1 E$% ' +$%0 iTr = 0F9

3% /12+-) 4'# ,' *2-1) ,) #/&-() /1'D,- +) 0$%+201-$% 0$%1-%2) 4$2# ,)52), ,) 0$2#'%1 +;-%C
1)%*-1/ iL(t) +'%* ,' D$D-%) %) *;'%%2,) 4'*9 3% %$1)#' Tmin )1 Tmax *)* >',)2#* (-%-(',) )1
('<-(',) #)*4)01->)()%19

016* :/1)#(-%)# uTr(t)I uD(t)I iL(t)I iTr(t) )1 iD(t) 4$2# t ∈ [0, αTH[9 3% M2*1-.-)#' *$-&%)2*)()%1
,;/1'1 +) ,' +-$+) D9

01A* SH() 52)*1-$% 4$2# t ∈ [αTH, TH]9

013* U#'0)# ',$#* ,)* ',,2#)* +)* 0"#$%$&#'(()* 0$##)*4$%+'%1*9

01'* V1'D,-# ,' #),'1-$% )<-*1'%1 )%1#) αI Uch )1 U0 +'%* 0) #/&-() +) .$%01-$%%)()%19

014* 3% ' ()*2#/ ∆I = Imax − Imin = 0, 50 Q 4$2# α = 0, 50I U0 = 80 W )1 TH = 1, 0X10−3 *9
!',02,)# %2(/#-52)()%1 ,' >',)2# +) L9
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!!"# $ %&'()'*+ ,- ).&&+)/+-& ,+ 01)/+-& ,+ *-'221()+ +/ ).331(,+ ,- /&1(2'2/.&

!" #$%#&$' (" )&$**+,#" (& #-%%"#'"&% (" .+#'"&% (" )&$**+,#" /'&($/ "*' -0'",& ", %"12

)3+4+,' 3+ *-&%#" (" '",*$-, #-,*'+,'" U0 )+% 35+**-#$+'$-, (& %/*"+& "' (& )-,' (" 6%+"'7

80'4-&+ 59:

;, ,-'" iL, cons(t) = |Î cos(2π f t)|< 3" #-&%+,' (+,* 3+ 0-0$," =&$ "*' +**-#$/ > &, #-&%+,' ("

3$?," (" 3+ .-%1" i(t) = Î cos(2π f t) +@"# Î > 0< #5"*'2>2($%" &, #-&%+,' (" 3$?," *$,&*-A(+3 "'

", )B+*" +@"# 3+ '",*$-, (& %/*"+& v(t) = V̂ cos(2π f t):

6'4-&+ 5 $ C$%#&$' (" )&$**+,#" (& #-%%"#'"&% (" .+#'"&% (" )&$**+,#"

!" )%$,#$)" (" #" #-%%"#'"&% (" .+#'"&% (" )&$**+,#" "*' (" #-11+,("% 3" '%+,*$*'-% Tr )-&%

=&" 3" #-&%+,' (5$,'",*$'/ iL(t) *-$' 3" )3&* )%-#B" )-**$03" (" iL, cons(t) = |Î cos(2π f t)|: D-&%

#"3+ -, ($*)-*" E

2 (5&," '",*$-, (" #-,*$?," viL, cons< '"33" =&" viL, cons = k iL, cons +@"# k = 1, 0 FGH−1 I

2 (5&," '",*$-, viL,mes $1+?" (& #-&%+,' (5$,'",*$'/ iL< '"33" =&" viL,mes = k iL:

!+ 3-$ #-11+,(" +(-)'/" "*'< > '-&' $,*'+,'< #-,*'%&$'" > )+%'$% (5&, )+%+1J'%" ∆ > 0 #-11"

*&$' E

2 *$ |viL, cons − viL,mes| < ∆ +3-%* 35/'+' (& '%+,*$*'-% "*' $,#B+,?/ I

2 *$ viL,mes − viL, cons > ∆ +3-%* 3" '%+,*$*'-% (-$' )+**"% > 35/'+' 03-=&/ I

2 *$ viL,mes − viL, cons < −∆ +3-%* 3" '%+,*$*'-% (-$' )+**"% > 35/'+' )+**+,':

;, %+))"33" *&% 3+ 0'4-&+ 7 '%-$* 1-,'+?"* > 0+*" (5H1)3$.$#+'"&%* !$,+$%"* K,'/?%/* 8H!K9 "'

3"* %"3+'$-,* ",'%/"8*92*-%'$" #-%%"*)-,(+,'"* -0'",&"* +@"# 3" 1-(J3" (" 35H!K $(/+3 (" ?+$,

$,.$,$: ;, ,-'" Vsat 3+ '",*$-, (" *+'&%+'$-, *&))-*/" $(",'$=&" )-&% 3"* '%-$* H!K #-,*$(/%/*:

!" *$?,+3 (" #-11+,(" uc (& '%+,*$*'-% Tr "*' '"3 =&" E

2 *$ uc = −Vsat +3-%* Tr "*' > 35/'+' )+**+,'<

2 *$ uc = +Vsat +3-%* Tr "*' > 35/'+' 03-=&/:

895" D%-)-*"% &, #$%#&$' (" #-11+,(" (& '%+,*$*'-% Tr 1"''+,' ", L"& ("&M ("* '%-$* 1-,2

'+?"* (" 3+ 0'4-&+ 7: NM)3$#$'"% +3-%* 3" )+%+1J'%" ∆ ", .-,#'$-, ("* %/*$*'+,#"* &'$3$2

*/"* "' (" Vsat:
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6'4-&+ 7 $ O%-$* 1-,'+?"* > 0+*" (5H!K:
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!!"# $ %&'( () *+,-(

!"# .&/+-(' 0$ 12 "% 11 &'(#")%")% *"# '"*"+(# ," *- %")#./) v(t) "% ,0 1/0'-)% ,2.)%")#.%( i(t)

&/0' %'/.# +-*"0'# ,0 &-'-34%'" ∆5

314" 6/33")%"' *2-**0'" ,"# 17'/)/8'-33"# ," *- .&/+-( 05 6/33")% *" &-'-34%'" ∆ #"
3-).#9"#%":%:.* ,-)# 1"# 17'/)/8'-33"#; <+-*0"' *- +-*"0' ," ∆1 ,-)# *" 1-# ," *-
.&/+-( 05 6/33")% (+/*0" *- +-*"0' ,0 &-'-34%'" ∆ ," *- .&/+-( 0 = *- .&/+-( 11;

310" >(1'.'" *2-**0'" ,0 #&"1%'" ") -3&*.%0," ,0 1/0'-)% ," *.8)" i(t)5 6/33")% *2-**0'" ,0
#&"1%'" "#%:"**" 3/,.9.(" */'#?0" *" &-'-34%'" ∆ &-##" ," *- +-*"0' ∆1 @.&/+-( 0A =
*- +-*"0' ∆3 @.&/+-( 11A5 B) ,.#%.)80"'- 1*-.'"3")% *"# 1-# ,"# &-'%."# C D-##"# 9'(:
?0")1"# C "% C 7-0%"# 9'(?0")1"# C ,0 #&"1%'"5

352" E0"**" 1-'-1%('.#%.?0" ,"# F!G ,"# 3/)%-8"# ," *- .&/+-( 4 1/)#%.%0" 0)" *.3.%" %"17:
).?0" = *- ,.3.)0%./) ," ∆;

6&/+-( 0 $ 67'/)/8'-33"#
," *- %")#./) v(t) "% ,0 1/0'-)% ,2.)%")#.%( i(t) &/0' ∆1

!!"7 $ 8&''&9:;&<) ;=(->&?+( @:)' A( ;-:)'&';<-

!/'# ,0 9/)1%./))"3")% ,0 1/''"1%"0' ," 9-1%"0' ," &0.##-)1"$ *" %'-)#.#%/' Tr 1/330%" K

9/.# &-' &('./," T ," *- %")#./) v(t) ,(*.+'(" &-' *" '(#"-0 (*"1%'.?0"$ 1" ?0. 1/''"#&/), =

0)" 9'(?0")1" ," 1/330%-%./) 3/H"))" ,0 %'-)#.#%/' I fcm =
K

T
5

B' K "#% ,2-0%-)% &*0# 8'-), ?0" *" &-'-34%'" ∆ "#% &"%.% @ .&/+-( 0 = .&/+-( 11A$ /) ") ,(,0.%
?0" *- 9'(?0")1" ," 1/330%-%./) 3/H"))" ,0 %'-)#.#%/' "#% 0)" 9/)1%./) ,(1'/.##-)%" ,0
&-'-34%'" ∆5 6"1. "#% .**0#%'( &-' *" '"*"+( "J&('.3")%-* &'(#")%( #0' *- .&/+-( 155
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6&/+-( 12 $ 67'/)/8'-33"#

," *- %")#./) v(t) "% ,0 1/0'-)% ,2.)%")#.%( i(t) &/0' ∆2

6&/+-( 11 $ 67'/)/8'-33"#

," *- %")#./) v(t) "% ,0 1/0'-)% ,2.)%")#.%( i(t) &/0' ∆3
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!"#$%& '( ) !"#$%&'(& )& (*++%,-,.*'
+*/&''& &' 0*'(,.*' )% 1-"-+2,"& ∆

3*"4 )& 4*' 0*'(,.*''&+&',5 6& ,"-'4.4,*" ).44.1& 4*%4 0*"+& ,7&"+.$%& %'& 1-",.& )& 6-
1%.44-'(& #6&(,".$%& $%. ,"-'4.,& )-'4 6& (*""&(,&%" )& 0-(,&%" )& 1%.44-'(&8 9&4 1&",&4
4*', 1".'(.1-6&+&', )& )&%: ,/1&4 ;

< 6&4 !"#$"% !&# '()*+'$,() Pcond $%. )#1&')&', %'.$%&+&', )& 6- =-6&%" &00.(-(& )% (*%<
"-', (."(%6-', )-'4 6& ,"-'4.4,*" >

< 6&4 !"#$"% !&# '(--+$&$,() Pcom $%. 4*', 1"*1*",.*''&66&4 ? 6- 0"#$%&'(& )& (*++%,-<
,.*' +*/&''&8 @ (7-$%& (*++%,-,.*' AB6*(-C& *% -+*"D-C&E )% ,"-'4.4,*" %'& $%-'<
,.,# )F#'&"C.& Eon/o f f &4, ).44.1#& 4*%4 0*"+& ,7&"+.$%& -% 4&.' )% ,"-'4.4,*"8

G' ).44.1-,&%" ,7&"+.$%& &4, +*',# 4%" 6& ,"-'4.4,*"8 H' - "&6&=#5 &' "#C.+& 1&"+-'&',5
6- ,&+1#"-,%"& Tdis ? 6- 4%"0-(& )& (& ).44.1-,&%" 1*%" ).00#"&',&4 =-6&%"4 )% 1-"-+2,"& ∆8
3- 1"#(.4.*' )&4 +&4%"&4 )& ,&+1#"-,%"& &4, )& ± I o9 &, 6&4 1&",&4 1-" (*')%(,.*' 4*',
4%11*4#&4 (*'4,-',&4 6*"4 (&,,& &:1#".&'(&8

J%" 6- *"#$%& '+5 6&4 ,&+1#"-,%"&4 +&4%"#&4 4*', ,"-(#&4 &' 0*'(,.*' )& 6- 0"#$%&'(& )&
(*++%,-,.*' +*/&''& (*""&41*')-',&8

G'& "#C"&44.*' -00.'& )*''& ; Tdis = a fcm + b -=&( a K L5L o9·MNO−1 &, b K PQ o98

,('- 3& +*)26& -00.'& (7*.4. &4,<.6 &' (*7#"&'(& -=&( 6&4 +&4%"&4 &00&(,%#&4R S%4,.0.&"8

H' )*''& ;

< 6- ,&+1#"-,%"& )& 6F-." -+B.-', 6*.' )% ).44.1-,&%" ; Tair K TQ
o9>

< 6- "#4.4,-'(& ,7&"+.$%& &',"& 6& ,"-'4.4,*" &, 6- 4%"0-(& )% ).44.1-,&%" ; Rth, Tr−dis K I5Q JU >
< 6- "#4.4,-'(& ,7&"+.$%& &',"& 6- 4%"0-(& )% ).44.1-,&%" &, 6F-." -+B.-', ; Rth, dis−air K P5Q JU8
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,((- V"*1*4&"5 4*%4 6- 0*"+& )F%' 4(7#+- #6&(,".$%& #$%.=-6&',5 %'& +*)#6.4-,.*' )% (*+<

1*",&+&', ,7&"+.$%& )% ,"-'4.4,*" &' "#C.+& 1&"+-'&',8 W' )#)%."& 6&4 &:1"&44.*'4

)&4 1-"-+2,"&4 a &, b8

,(+- X#,&"+.'&" 6&4 =-6&%"4 '%+#".$%&4 )& Pcond &, )& Eon/o f f 8

!"#$%& '+ ) Y&+1#"-,%"& )% ).44.1-,&%" &' 0*'(,.*' )& 6- 0"#$%&'(& +*/&''& )& (*++%,-<

,.*'

01%2"& 333 ) 4562%78& 9$ :5%%&:2&$% 9& *1:2&$%
9& ;$"<<16:& ;1% 362&88"#&6:& =%2"*":"&88&

333-' ) 0%><&6212"56 9$ ;%5?8@A&

X-'4 (&,,& )&"'.2"& 1-",.&5 6& (*""&(,&%" )& 0-(,&%" )& 1%.44-'(&5 #,%).# )-'4 6- ;1%2"& 335 &4,

%,.6.4# 1*%" +.'.+.4&" 6&4 1&",&4 &' 6.C'&4 &'C&')"#&4 1-" 6F.'4,-66-,.*' #6&(,".$%& )F%' 1&,.,

4,%).*8

!"#$%& '/ ) 9*""&(,&%" )& 0-(,&%" )& 1%.44-'(& %,.6.4#

1*%" %'& .'4,-66-,.*' )*+&4,.$%&
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!" !"#$%& '( #$%&'()' *' &+,%-" .' #$/(+/#' .0 ./&#1&/)/2 +1-#*') 3 *" )'(&/1( "04 51$('&

.0 +1(.'(&")'0$ C '&) #*"+%' '( '()$%' .' *6"&&1+/")/1( .60( 1(.0*'0$ .' )'(&/1( ') .'

*6/(&)"**")/1( %*'+)$/70' .0 &)0./18 9(' 510+*' .' $%:0*")/1(; (1( %)0./%' /+/; #'$-') .' $%:0*'$

+'))' )'(&/1( < 0(' ="*'0$ +1(&)"()'; .' &1$)' 70' *' 21(+)/1(('-'() .0 +1$$'+)'0$ .' 2"+)'0$

.' #0/&&"(+' '&) /.'()/70' < +'*0/ .' *" )*%+"& ,, >!"#$%& - < !"#$%& ''?8

!6/(&)"**")/1( %*'+)$/70' %)0./%' +1-#1$)' 3

@ 0( '(&'-5*' 514 A()'$(')@)%*%=/&/1(;

@ 0( &B&)C-' .6%+*"/$":';

@ 0( $"./")'0$ %*'+)$/70';

@ 0( +,"022'@'"08

./(0 !'& ./22%$'()& %*%-'()& .' +'))' /(&)"**")/1( &1()@/*& +D5*%& '( &%$/' 10 '( .%$/=")/1(E

F0&)/2/'$ +' +,1/48

!6'(&'-5*' 514 A()'$(')@)%*%=/&/1( ') *' &B&)C-' .6%+*"/$":' "5&1$5'() .'& +10$"()& /-#0*@

&/1(('*& &'-5*"5*'& < +'*0/ .' *" !"#$%& /8 G( $'="(+,'; *'0$ 21(+)/1(('-'() %)"() 5"&%

&0$ *60)/*/&")/1( .60(' $%&/&)"(+' +,"022"()'; *' $"./")'0$ %*'+)$/70' ') *' +,"022'@'"0 1() 0(

+1-#1$)'-'() #0$'-'() $%&/&)/28

./10 H0'**' '&) *6"**0$' .'& +10$"()& "5&1$5%& #"$ *' $"./")'0$ %*'+)$/70' ') *' +,"022'@'"0

*1$&706/*& &1() +1(('+)%& ./$'+)'-'() "0 $%&'"0 %*'+)$/70'E

I,"+0( .'& 70")$' %*%-'()& .' *6/(&)"**")/1( %*'+)$/70' +1(&/.%$%' #$%&'()' )$1/& -1.'&

.' 21(+)/1(('-'()8 9( (/='"0 xi ="*"() J; K 10 L '&) "&&1+/% < +,"+0( .' +'& -1.'&8 !'

+*23&*$ / .1((' *" +1$$'&#1(."(+' '()$' *' (/='"0 xi ') *' -1.' .' 21(+)/1(('-'() .'

+,"70' %*%-'()8 I'$)"/('& .'& #0/&&"(+'& +1(&1--%'& #"$ *6%*%-'() +1$$'&#1(."() &1()

%:"*'-'() .1((%'&8

4*23&*$ / 5 M1.'& .' 21(+)/1(('-'()

./60 N1(('$ 0( 1$.$' .' :$"(.'0$ .' *" #0/&&"(+' %*'+)$/70' -"4/-"*' +1(&1--%' #"$

0( $"./")'0$ %*'+)$/70' ') 0( +,"022'@'"0 +1$$'&#1(."() "04 5'&1/(& .60( &)0./18
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./80 I1-5/'( B "@)@/* .' +1-5/("/&1(& #1&&/5*'& '()$' *'& ./22%$'()& -1.'& .' 21(+)/1(('@

-'() .' +,"+0( .'& 70")$' %*%-'()&E

I1--' +'*" " %)% =0 ."(& *" )*%+"& ,,; *' ./&#1&/)/2 .' *" !"#$%& '( #'$-') .' $%.0/$' *'& #'$)'&

'( */:(' '(:'(.$%'& #"$ *6"5&1$#)/1( .60( +10$"() /-#0*&/1(('*8 I'**'&@+/ )'(.'() ='$& *'0$

="*'0$ -/(/-"*' *1$&70' *' #"$"-C)$' ∆ )'(. ='$& J8 I'#'(."(); +'))' ./-/(0)/1( &' 2"/) "0

#$/4 .60(' "0:-'()")/1( .' *" 2$%70'(+' .' +1--0)")/1( -1B'((' fcm ') .1(+ .'& #'$)'&

"0 &'/( .0 )$"(&/&)1$ Tr >+2 &10&@#"$)/' AA8O?8 P/ *" #0/&&"(+' ./&&/#%' ."(& Tr (' #'0) #"& Q)$'

'4#*1/)%'; /* '&) "*1$& (%+'&&"/$' .' $'+,'$+,'$ 0(' ="*'0$ .0 #"$"-C)$' ∆ +1$$'&#1(."() <

0(' -/(/-/&")/1( .'& #'$)'& )1)"*'& 3 #'$)'& '( */:(' R #'$)'& ."(& Tr8

!" ="*'0$ .0 #"$"-C)$' ∆ #'$-'))"() .'-/(/-/&'$ *'& #'$)'& )1)"*'&; (1)%' ∆opt; " %)% %="*0%'

'-#/$/70'-'() #10$ 70")1$S' +1-5/("/&1(& '()$' *'& ./22%$'()& -1.'& .' 21(+)/1(('-'()

.'& 70")$' %*%-'()& .' *6/(&)"**")/1( %*'+)$/70' %)0./%'8 I'& ="*'0$& &1() #$%&'()%'& ."(& *'

+*23&*$ 98 !' #"$"-C)$' ∆ &6'4#$/-' '( =1*)& ') '&) #1&/)/28 !1$&70' *" ="*'0$ −1 '&) /(./70%'

#10$ ∆opt; +'*" &/:(/2/' 70' #10$ -/(/-/&'$ *'& #'$)'& )1)"*'&; /* '&) #$%2%$"5*' .' .%&"+)/='$

*' +1$$'+)'0$ .' 2"+)'0$ .' #0/&&"(+' ') .' +1(('+)'$ *6/(&)"**")/1( ./$'+)'-'() "0 $%&'"0

%*'+)$/70'8

4*23&*$ 9 5 T"*'0$& 1#)/-"*'& .0 #"$"-C)$' ∆

#10$ 70")1$S' +1-5/("/&1(& ./22%$'()'&

./:0 N"(& *' +*23&*$ 9; '4#*/70'$ #10$701/ ∆opt U @K #10$ )10)'& *'& +1-5/("/&1(& )'**'& 70'

x! = 0 ') x" = 08

./-0 I1--'()'$ *' +,1/4 ∆opt U @K #10$ *" +1-5/("/&1( >x!; x"; x#; x$? U >L; L; L; L?8
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!!!"# $ %&'()*+, -. /0)012(), ∆ 03,4 .' )56,0. -, ',.)&',6

!" #$%& '()*+,$-) ,.&&+. ./ 0"$1. %/ 1*/&+2".%+ 1$0$3". '. #*%+/-+ "$ 1*/)-4/. ∆opt ./ #*/1&-*/

'.) '-##(+./&.) 1*,3-/$-)*/) 5x!6 x"6 x#6 x$78 9. 1*/&+2".%+ $))*1-( $% 1*++.1&.%+ '. #$1&.%+

'. 0%-))$/1. '*-& 0.+,.&&+. ./ &.,0) +(." :

; )*-& '. '()$1&-<.+ ". 1*++.1&.%+ '. #$1&.%+ '. 0%-))$/1. ./ 1*//.1&$/& "=-/)&$""$&-*/

(".1&+->%. '% )&%'-* '-+.1&.,./& $% +().$% (".1&+->%. 51$) ∆? ;@7 A

; )*-& '. #-B.+ '. "$ <$".%+ '% 0$+$,C&+. ∆ "*+)>%. ". 1*++.1&.%+ '. #$1&.%+ '. 0%-))$/1.

.)& $1&-<(8

789" D+*0*).+ %/ ,*'. '. 1*,,%/-1$&-*/ 0*%+ >%. ".) '-##(+./&) $00$+.-") (".1&+->%.) '.

"=-/)&$""$&-*/ 0%-))./& &+$/),.&&+. ".%+) ,*'.) '. #*/1&-*//.,./& $% 1*/&+2".%+8 E%1%/

'(&$-" &.1F/->%. 0+(1-) /=.)& $&&./'% 0*%+ 1.&&. >%.)&-*/8

9. (0:+,0. 8 /*%) '*//. "$ 1*++.)0*/'$/1. ./&+. ".) (&$&) '.) $00$+.-") xi .& ". +(4"$4.

∆ '% 1*++.1&.%+8 9.) '*//(.) '=./&+$G/.,./& )*/& 1."".) >%- <*/& ).+<-+ H "=./&+$G/.,./&

'% +().$% '. /.%+*/.)8 9.) '*//(.) '. &.)&) )*/& 1."".) >%- <*/& 0.+,.&&+. '. <$"-'.+ )-

"=./&+$G/.,./& )=.)& 3-./ .##.1&%(8 I=%/ 0*-/& '. <%. )J)&C,.6 1."$ +.<-./& H 1F.+1F.+ "$

+."$&-*/ ./&+. '.) '*//(.) '=./&+(.) xi .& "$ )*+&-. ∆ 5;<=.), >?7 >%- -""%)&+. ".) ./&+(.);)*+&-.

'% )J)&C,.8

@<=.), >? $ K/&+(.);)*+&-.

'% +().$% '. /.%+*/.)8

9=*3L.1&-# .)& '. &+*%<.+ %/ ,*'C". '. 1*,0*+&.,./& >%- 0.+,.&6 H 0$+&-+ '% (0:+,0. 86 '. :

; +.&+*%<.+ ".) <$".%+) '=./&+$G/.,./&6

; 0+('-+. ".) <$".%+) '. &.)&8

D*%+ J $++-<.+6 "=-'(. .)& '=./&+$G/.+ %/ +().$% '. /.%+*/.) '. ,$/-C+. )%0.+<-)(. H 0$+&-+

'.) '*//(.) '% (0:+,0. 88

78>" M%.") )*/& ".) $<$/&$4.) .& ".) -/1*/<(/-./&) '% 1F*-B '=%/ +().$% '. /.%+*/.) 0*%+

,*'("-).+ "$ 1*,,$/'.N

78#" 9=$00+./&-))$4. )%0.+<-)( .)&;-" 0.+&-/./&N O%)&-#-.P <*&+. +(0*/).8

!!!"8 $ A5;<'<(<&' -. /,)4,/()&'

9. +().$% '. /.%+*/.) 1F*-)- .)& %/ 0.+1.0&+*/ ,%"&-1*%1F. H %/. 0+.,-C+. 1*%1F. 1$1F(.

51*%1F. '=./&+(.76 %/. '.%B-C,. 1*%1F. 1$1F(. .& %/. 1*%1F. '. )*+&-.8 9. )J)&C,. 0+./'

./ ./&+(. %/ <.1&.%+ H >%$&+. 1*,0*)$/&.) (x!, x", x#, x$)8 9$ 1*%1F. '=./&+(. .)& 1*,0*)(.

'. >%$&+. /.%+*/.) /%,(+*&() '. @ H Q8 9$ '.%B-C,. 1*%1F. 1$1F(. 1*/&-./& (4$".,./&
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>%$&+. /.%+*/.) /%,(+*&() '. @= H Q=8 9$ 1*%1F. '. )*+&-. 1*/&-./& %/ ).%" /.%+*/. /%,(+*&(

@R8 9$ )*+&-. '. "$ 1*%1F. '. )*+&-. .)& ∆8 SF$>%. /.%+*/. 0+./' ./ ./&+(. ".) )*+&-.) '. "$

1*%1F. 0+(1('./&. .& +./<*-. %/. %/->%. )*+&-.8

9$ ;<=.), >B 0+()./&. 1.&&. )&+%1&%+.8

@<=.), >B $ T&+%1&%+. '% +().$% '. /.%+*/.) 1F*-)-

9. '(&$-" '=%/ /.%+*/. .)& '(#-/- 0$+ "$ ;<=.), >E8

@<=.), >E $ T&+%1&%+. '=%/ /.%+*/. - '. "$ 0+.,-C+. 1*%1F.

9$ ;<=.), >E '=%/ /.%+*/. /%,(+*&( R - R '. "$ 0+.,-C+. 1*%1F. 0.+,.&6 H 0$+&-+ '.) <$".%+)

'=./&+(. (x!, x", x#, x$)6 '. 1$"1%".+ "$ <$".%+ '. )*+&-. ai8 9.) )*+&-.) '. "$ 0+.,-C+. 1*%1F.

'.<-.//./& ".) ./&+(.) '. "$ 1*%1F. )%-<$/&. .& $-/)- '. )%-&.8 U*%) ".) /.%+*/.) <*/& ).

1*,0*+&.+ 1*,,. 1.%B '. "$ 0+.,-C+. 1*%1F.8 !" .)& H /*&.+ >%. "$ )*+&-. '% '.+/-.+ /.%+*/.

1*++.)0*/' H ∆8

V*%) /*&.+*/) :

; wi j : ". 0*-') ./&+. "=./&+(. L .& ". /.%+*/. -6 1=.)& %/ /*,3+. +(." A

; bi : ". 3-$-) '% /.%+*/. -6 1=.)& %/ /*,3+. +(." A

; f : "$ #*/1&-*/ '=$1&-<$&-*/ '% /.%+*/. - >%- )=$00"->%. H
∑

j

wi jx j + bi8
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!"#$%&'" ( )" *%+,"--'- &'. *"%#"/ 0" /%+'1"% )"- 1$)"'%- 0" bi "/ 0" wi j 1$ 2/%" ./3%$/.4 "/ .)
4$'/ 0+5, 0"- 1$)"'%- .5./.$)"-6 7"))"-8,. -+5/ ,9+.-."- $)3$/+.%"#"5/6

:$ 4+5,/.+5 0;$,/.1$/.+5 ,9+.-." "-/ '5" -.<#+=0" 034.5." *$% f : R −→ R, x −→ f (x) =
1

1 + e−x
6

>5 ?@/9+5A );'/.).-$/.+5 0" )$ 4+5,/.+5 "B* 0" )$ ).C%$.%." 5'#*@ *"%#"/ 0" ,$),')"%A *+'% '5"
"5/%3" D 0" /@*" /$C)"$'A )$ #$/%.," f (X)A .--'" 0" );$**).,$/.+5 0" )$ 4+5,/.+5 f E /+'- )"-
3)3#"5/- 0" )$ #$/%.," D6 7"//" 4+5,/.+5 0;$,/.1$/.+5 -" /%$0'./ *$% (

FG ?%+<%$##" ?@/9+5
H 0"4 4IBJ (
K %"/'%5IHLIHM5*6"B*I8BJJJ

!"#$%"& ' ( N+5,/.+5 0;$,/.1$/.+5

)**+ 7$),')"% )$ 03%.13" 0" )$ 4+5,/.+5 f 5+/3" f ′(x) "/ 3,%.%" '5" 4+5,/.+5 ?@/9+5 5+/3"
4O*%.#" &'. *%"50 "5 $%<'#"5/ B "/ &'. %"51+." )$ 03%.13" f ′(x)6 :;$%<'#"5/ 0;"5/%3" B
"-/ 0" /@*" /$C)"$'6

,,,+' ( -."/% 0123456%37%

F+/$/.+5 (

8 )"- <%$50"'%- -,$)$.%"- -"%+5/ 5+/3"- "5 #.5'-,')"A *$% "B"#*)" P Q
8 )"- <%$50"'%- #$/%.,."))"- -"%+5/ 5+/3"- "5 #$R'-,')"A *$% "B"#*)" SQ
8 );.50.," T 4$./ %343%"5," E )$ ,+',9"A *$% "B"#*)" W2 "-/ *+'% )$ 0"'B.U#" ,+',9"6

:$ *9$-" 0;.543%"5," ,+5-.-/" E ,$),')"% )$ -+%/." E *$%/.% 0;'5 1",/"'% 0;"5/%3" ,+55'6

:$ -+%/." 0' 0"%5."% 5"'%+5" 0' %3-"$' 0" )$ 428&6% 9: "-/ )$ 1$)"'% ∆ %",9"%,93" "/ *"'/
-;3,%.%" -+'- )$ 4+%#" -'.1$5/" (

∆ = f (W3( f (W2 f (W1X + B1) + B2) + b3)).

)*'+ V+55"% )"- 0.#"5-.+5- 0"- #$/%.,"- W2,W3, B2 "/ b36

W5 ,9"%,9" E #+03).-"% )$ ,+',9" 0;"5/%3" 0' %3-"$' 0" 5"'%+5"- 0" )$ 428&6% 9:6

)*;+ V+55"% );"B*%"--.+5 0" )$ #$/%.," W1 &'. 13%.4." (































y1

y2

y3

y4































= W1































x1

x2

x3

x4































+































b1

b2

b3

b4































=































− − − −

− − − −

− − − −

− − − −





























































x1

x2

x3

x4































+































b1

b2

b3

b4































6

)*:+ X,%.%" "5 ?@/9+5 )$ 4+5,/.+5 .54"%"5,"O,+',9" &'. 1$ *%"50%" "5 $%<'#"5/ )" 1",/"'%
0;"5/%3"- 5+/3 XA )$ #$/%.," 0"- *+.0- 5+/3"WA )" 1",/"'% 0" C.$.- 5+/3 B "/ &'. %"51+."
)" 1",/"'% 0"- -+%/."- 0" )$ ,+',9" 5+/3 A6

:$ 428&6% 9< #+5/%" )" /%$,3 0" )$ 4+5,/.+5 0;$,/.1$/.+5 -.<#+=0"6
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?28&6% 9< ( !"*%3-"5/$/.+5 <%$*9.&'" 0" )$ 4+5,/.+5 -.<#+=0" f *+'% x ∈ [−20, 20] I<$',9"J

"/ x ∈ [−1, 1] I0%+./"J

)*@+ 7$),')"% A = f (Y) 0$5- )" ,$- +Y (

A =































a1

a2

a3

a4































Q Y =































y1

y2

y3

y4































Q X =































x1

x2

x3

x4































=































0

1

0

0































Q W =































0, 3 0, 2 0, 25 −0, 04

0, 4 −0, 3 0, 6 −0, 3

−0, 4 0, 3 −0, 6 −0, 4

−1 −0, 75 −0, 1 −0, 5































Q B =































b1

b2

b3

b4































=































0

0

0

0































6

F+/+5- &'"A *+'% ,"//" *%"#.U%" *9$-" 0;$**%"5/.--$<" &';+5 $**"))" -+'1"5/ );.5./.$).-$/.+5A

)"- 1$)"'%- 0"- *+.0- +5/ 3/3 <353%3"- $)3$/+.%"#"5/ "/ )"- C.$.- ,9+.-.- 5')-6 >5 %"*%+0'.-$5/

)" #2#" ,$),') *+'% )"- ,+',9"- -'.1$5/"-A 5+'- ,$),')+5- &'" ∆ = 0, 59 V6 7")$ -.<5.4." &'"

*+'% );3,)$.%$<" $))'#3 "/ /+'- )"- $'/%"- $**$%".)- 3/".5/-A .) 4$'0%$./ '5 %3<)$<" ∆ = 0, 59 V6

7"*"50$5/A )" A"#$%"& * .50.&'" &'" *+'% ,"//" ,+#C.5$.-+5 0;3/$/-A )" %3<)$<" +*/.#$) "-/

∆opt = 0, 18 V6

Z) 4$'/ #+0.4."% )"- 1$)"'%- 0"- *+.0- "/ 0"- C.$.- *+'% &'" )$ -+%/."∆ 0' %3-"$' 0" 5"'%+5"- -"

%$**%+,9" 0" ∆opt "/ ,"A *+'% /+'/"- )"- ,+#C.5$.-+5- 0;"5/%3" *+--.C)"6 ['/%"#"5/ 0./A *+'%

/+'/" ,+#C.5$.-+5 0;"5/%3" (x!, x", x#, x$)A +5 -+'9$./" #.5.#.-"% );"%%"'% I,9+.-." &'$0%$/.&'"

.,.J "5/%" )$ -+%/." ∆ ,$),')3" *$% )" %3-"$' 0" 5"'%+5"-A "/ )" %3<)$<" +*/.#$) ∆optA 03/"%#.53

E );$1$5,"6 ?+'% 5" *$- $)+'%0.% )"- 5+/$/.+5- +5 5+/"%$ 03-+%#$.- / )" %3<)$<" +*/.#$) ∆opt6

:" ,$),') 0" );"%%"'% (t − ∆)2 1$ 2/%" '/.).-3 *+'% ,$),')"% 0"- \ #".))"'%"- \ 1$)"'%- 0" *+.0-

"/ 0" C.$.- ( ,;"-/ )$ *9$-" 0;"5/%$]5"#"5/ &'. 4$./ );+CR"/ 0" )$ -+'-8*$%/." -'.1$5/"6

,,,+; ( B5A6CD6CD"8"A2C3

F+'- 0.-*+-+5- 0" F ^ _ 0+553"- 0;"5/%$]5"#"5/A ,;"-/ E 0.%" /+'/"- )"- *$.%"-
{

Xℓ, tℓ
}

+Y

Xℓ = (x!, x", x#, x$) "-/ )" 1",/"'% 0" )$ ,+#C.5$.-+5 0"- "5/%3"- "/ tℓ "-/ -.#*)"#"5/ )$ 1$)"'%

+*/.#$)" ∆opt A 31$)'3" "#*.%.&'"#"5/ "/ &'. ,+5-/./'" )$ 1$)"'% ,.C)" -+'9$./3" "5 -+%/." 0'

%3-"$' 0" 5"'%+5"-6
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!"# $%&&'"# $("&)*+,&"-"&) #%&) *"."&#'"# $+&# /" !"#$%"& '0 1%2* .3+42" $%&&'" $("&5

)*+,&"-"&)
{

Xℓ, tℓ
}

6 %& &%)"*+ ∆ℓ /" *'#2/)+) *'"//"-"&) *"&7%8' 9+* /" *'#"+2 $" &"2*%&"#0

:" ;2) $" /+ 93+#" $" *')*%9*%9+<+)=%& "#) $" .+/.2/"* $"# 7+/"2*# $" 9+*+->)*"# ? ") @

42= A *+99*%.3"&) A )%2# /"# ∆ℓ .+/.2/'# 9%2* /"# Xℓ $"# 7+/"2*# %9)=-+/"# tℓ0 B&" =&#)+&." $"

*')*%9*%9+<+)=%& #("CC".)2" "& .3"*.3+&) /"# 7+/"2*# $"# 9+*+->)*"# ? ") @ 42= -=&=-=#"&)

/+ C%&.)=%& $" .%D) 42+$*+)=42" "&)*" 2&" .=;/" tℓ ") /+ 7+/"2* .+/.2/'" ∆ℓ E Lℓ = (tℓ − ∆ℓ)
20

1%2* $"# *+=#%&# $" /=#=;=/=)'6 %& &%)"*+ L = Lℓ0

1%2* ." C+=*"6 /"# 9%=$# ? ") /"# ;=+=# @ #%&) -=# F G%2* 9+* /+ -')3%$" $" /+ $"#."&)" $2

<*+$="&)6 ')2$='" $+&# /"# 42"#)=%&# .=5+9*>#0 HC=& $" #" C=I"* /"# =$'"#6 %& #(=&)'*"##" F

/+ 9*"-=>*" .%2.3" $2 *'#"+2 $" &"2*%&"#6 +8+&) 9%2* "&)*'" /" 7".)"2* J ") 9%2* #%*)="

/" 7".)"2* $(+.)=7+)=%&# H E A = f (W1X + B1)0 :" C%&.)=%&&"-"&) $"# +2)*"# .%2.3"# #"*+

=$"&)=42"0 1%2* $"# *+=#%&# $" /=#=;=/=)'6 %& 9%#"*+ $'#%*-+=# E W = W16 B = B16 Y = WX + B0

K& + $%&. E

A = f (WX + B) = f (Y).

:"# 7+/"2*# $"# 9+*+->)*"# ? ") @ $" ."))" .%2.3" #%&) -=# F G%2* <*L." +2I C%*-2/"#

#2=7+&)"# E



































W = W − α
∂L

∂W

B = B − α
∂L

∂B

%M α "#) /" )+2I $(+99*"&)=##+<"6 2& 9+*+->)*" F .3%=#=* -+&2"//"-"&)0 K& +$%9)" /+ &%)+)=%&

#2=7+&)" E

∂L

∂W
=









































∂L

∂w11

· · ·
∂L

∂w14
... · · ·

...

∂L

∂w41

· · ·
∂L

∂w44









































,
∂L

∂X
=









































∂L

∂x1
...

∂L

∂x4









































,
∂L

∂A
=









































∂L

∂a1
...

∂L

∂a4









































.

N%2# +7%&#
∂L

∂wi j

=
∂L

∂a1

∂a1

∂wi j

+ ... +
∂L

∂ai

∂ai

∂wi j

+ ... +
∂L

∂a4

∂a4

∂wi j

") ai = f

















∑

j

wi jx j + bi

















0

(')* O%&)*"* 42"
∂L

∂wi j

=
∂L

∂ai

f ′(yi)x j0

('+* P& 2)=/=#+&) /+ *"/+)=%& 9*'.'$"&)"6 $%&&"* /+ *"/+)=%& -+)*=.="//" "&)*"
∂L

∂W
,
∂L

∂A
, f ′(Y) ")

X6 92=# "&)*"
∂L

∂W
,
∂L

∂A
6W, X ") B0
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!" #$%&'%()*"+ ,-*"*,.'/ (, /'+ #$''(0,/ 1/ +&$%)/& ,* &/,*+($" '%()*"+/ 2%( )* #/&3/++&/ 1-/45
#&(3/& ,-/&&/%& /" /"+&6/ /" 7$"8+($" 1/ ,-/&&/%& /" '$&+(/ 9

∂L

∂X
=
∂L

∂A

[

W · f ′(WX + b)
]

.

:, /'+ ; &/3*&2%/& 2%/ 1*"' ,* 7$&3%,/ #&6861/"+/ ,* 3%,+(#,(8*+($" 3*+&(8(/,,/ '/ 7*(+ +/&3/
; +/&3/<

!"#$ =8&(&/ ,* 7$"8+($" >.+?$" &/+&$#&$#*@*+($"58$%8?/ 2%( #&/"1 /" *&@%3/"+ 9
5 ,* )*,/%& 1-/"+&6/ 1-%"/ 8$%8?/A "$+6/ BA
5 ,* 3*+&(8/ 1/ #$(1' 1-%"/ 8$%8?/A "$+6/ CA
5 ,/ )/8+/%& 1/ 0(*(' 1/ ,* 8$%8?/A "$+6 DA
5 ,/ )/8+/%& 1-/&&/%& /" '$&+(/ 1/ ,* 8$%8?/A "$+6 !*A
5 ,* )*,/%& 1% 8$/77(8(/"+ 1-*##&/"+(''*@/A "$+6/ *,#?*<

E/++/ 7$"8+($" 1$(+ 8*,8%,/& 9

5 EW =
∂L

∂W
A

5 EB =
∂L

∂B
A

5 EX =
∂L

∂X
<

E/++/ 7$"8+($" 1$(+ &/")$./& 9
5 ,* 3*+&(8/ 1/ #$(1' C 3('/ ; F$%& A
5 ,/ )/8+/%& 1/ 0(*(' D 3(' ; F$%&A

5 ,/ )/8+/%& @&*1(/"+ 1% 8$G+ EX =
∂L

∂X
<

H("'(A *#&I' ,* #?*'/ 1-("(+(*,('*+($"A /" *##,(2%*"+ %"/ '%88/''($" 1/ #?*'/ 1-("76&/"8/ /+
1/ &6+&$#&$#*@*+($" #$%& 8?*8%"/ 1/' 1$""6/' 1-/"+&*J"/3/"+A /+ 8/A #,%'(/%&' 7$('A $" #/%+
7*(&/ 1(3("%/& ,* )*,/%& 1/ ,* 7$"8+($" 1/ 8$G+ +$+*, F%'2%-; *++/("1&/ ,* #&68('($" 1/3*"16/ 9

Ltot = 1/N

N
∑

ℓ=1

(tℓ − ∆ℓ)
2
= 1/N

N
∑

ℓ=1

Lℓ.

%%%$& ' ()*+,-. /.- 01-2+3*3-

K-6)$,%+($" 1/ ,* 7$"8+($" 1/ 8$G+ +$+*, Ltot #/"1*"+ ,* #?*'/ 1-/"+&*J"/3/"+ /'+ 1$""6/ '%&
,* 45620. 78< !,,/ 8$3#$&+/ LMM (+6&*+($"'<

K/ @&*#?(2%/ 3$"+&/ 2%/ ,* #?*'/ 1-/"+&*J"/3/"+A 8$"'+(+%6/ 1-%"/ '%88/''($" 1-("76&/"8/'
/+ 1/ &6+&$#&$#*@*+($"A * #/&3(' 1/ 1(3("%/& ,* 7$"8+($" 8$G+A 8-/'+5;51(&/ ,-/&&/%& 2%*1&*+(2%/
3$./""/ /"+&/ ,/ &6'%,+*+ ∆ 1% 3$1I,/ /+ ,/' )*,/%&' 8(0,/' 1/' 1$""6/' 1-/"+&*J"/3/"+< :,
. * 16'$&3*(' #/% 1-68*&+ #$%& ,/' 1$""6/' 1-/"+&*J"/3/"+<
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!"#$%& '( ) !"#$%&"'('"# ()*+,'

*+,-&+$ . ) -%,'.$/ )0#1(%,'/ *. 0%$%(+#$' ∆

0).$ 2.%#)$3' 4)(51"%1/)"/ *1667$'"#'/

8' /+,-&+$ . 0$7/'"#' ,'/ *)""7'/ *9'"#$%&"'('"# '# ,'/ *)""7'/ #'/#/: '# /% *'$"1+$' 4);

,)""' $'4'"/' ,'/ <%,'.$/ =',#% 4%,4.,7'/ 0%$ ,' $7/'%. *' "'.$)"'/>

?.$ ,'/ @A *)""7'/ *1/0)"15,'/: B C D *)""7'/ /)"# .#1,1/7'/ ,)$/ *' ,% 0E%/' *9'"#$%&"'('"#

'# ,'/ F %.#$'/ /)"# $7/'$<7'/ 4)((' *)""7'/ #'/#/: %61" *' #'/#'$ ,% $)5./#'//' *. ()*+,'

'" /).('##%"# *'/ '"#$7'/ ")" .#1,1/7'/ 0).$ ,% 0E%/' *9'"#$%&"'('"#: %61" *' <7$161'$ /1 ,%

0$7*14#1)" *. ()*+,' '/# 5)""' (G(' /.$ *'/ *)""7'/ ").<',,'/>

01'2 H"%,I/'$ ,'/ $7/.,#%#/> J' $7/'%. *' "'.$)"'/ '/#;1, 4%0%5,' *' 51'" 0$7*1$' ,% <%,'.$

)0#1(%,' *' ∆K

0132 L).$ %(7,1)$'$ ,' ()*+,' '/#;1, 0$767$%5,' *9%.M('"#'$ ,' ")(5$' *91#7$%#1)"/ *' ,9'";

#$%&"'('"# ). *9%.M('"#'$ ,' ")(5$' *' *)""7'/ *' #'/#K N./#161'$ <)#$' $70)"/'>
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!""#$# % & '()*+,!-)#

!"#$ %"#& $'()& a (% b *

cos(a + b) = cos a cos b − sin a sin b

cos(a − b) = cos a cos b + sin a sin b

sin(a + b) = sin a cos b + sin b cos a

sin(a − b) = sin a cos b − sin b cos a

cos a cos b =
1

2

(

cos(a + b) + cos(a − b)
)

sin a sin b =
1

2

(

cos(a − b) − cos(a + b)
)

sin a cos b =
1

2

(

sin(a + b) + sin(a − b)
)

+",% #- &,.-/) x(t)0 "- -"%($/ 123%45 )/ 6/)(#$ 7"8(--( %(79"$())( :( ;( &,.-/)<

+, x(t) (&% =>9'$,":,?#( /)"$& *

< x(t) >=
1

T

∫ T

0

x(t) dt.

!"#$ %"#& $'()& f10 f20 ϕ1 (% ϕ2 *

< cos(2π f1t + ϕ1) >= 0 si f1 , 0

< sin(2π f1t + ϕ1) >= 0 si f1 , 0

< cos2(2π f1t + ϕ1) >=< sin2(2π f2t + ϕ2) >=
1

2

< cos(2π f1t + ϕ1) cos(2π f2t + ϕ2) >= 0 si f1 , f2

< sin(2π f1t + ϕ1) sin(2π f2t + ϕ2) >= 0 si f1 , f2

< cos(2π f1t + ϕ1) sin(2π f2t + ϕ2) >= 0 si ( f1, f2) , (0, 0)

+"#& :(& ;"-:,%,"-& :( $'.#)/$,%' ?#, &($"-% &#99"&'(& 6'$,@,'(& :/-& ;( &#A(%0 #- &,.-/)

x(t) =>9'$,":,?#( 9(#% &B';$,$( *

x(t) =< x(t) > +

+∞
∑

n=1

X̂n cos(2π n f t + ϕn).

C(%%( (29$(&&,"- (&% /99()'( !"#$%&''$($)* $) +",-$ !$ .&/,-$, 3D<+<E<4 :# &,.-/) x(t)<

F(& /79),%#:(& X̂n :# :'6()"99(7(-% (- &'$,( :( E"#$,($ :( x(t) 6'$,@,(-% )B,:(-%,%' :( !/$&(>

6/) *

< x(t)2
> = < x(t) >2

+

1

2

+∞
∑

n=1

X̂2
n .
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!""#$# % & '(")*+(", -.*/(" 0*+1#,

!" #$#%$&'()*+, -+./0 ,1' 1+//&12, $-1'"%%2, 3, %" ."-$)4, 5%"11$*+, 6 $./&4' -+./0 "1 -/7

234567 8!9 :; < 4,'&+4-, %, /4&3+$' 3, 3,+8 ."'4$5,1
[

A

]

,'
[

B

]

7

!4* < 4,'&+4-, %" '4"-1/&12, 39+-, ."'4$5,
[

A

]

7

=>28$; < 4,'&+4-, %, -&.#4, 392%2.,-'1 3, %9&#:,' ;7 <, 3,4-$,4 /,+' ='4, +-, %$1', &+ +-

'"#%,"+ -+./07

234?@A8$; < 4,'&+4-, +- '"#%,"+ 3&-' %,1 2%2.,-'1 5&44,1/&-3,-' "+8 .&3+%,1 3,1 2%2.,-'1

3+ '"#%,"+ ;7

234?B?2C>8?9 @9 3; < 4,'&+4-, +- '"#%,"+ >? 3&-' %,1 2%2.,-'1 1&-' 42/"4'$1 "@,5 +- /"1 /

,-'4, " ,' #A " ,1' %, /4,.$,4 2%2.,-' 3+ '"#%,"+A %, 3,4-$,4 2%2.,-' ,1' 1'4$5',.,-' $-B24$,+4

C #7 D$ %9"4E+.,-' / -9,1' /"1 4,-1,$E-2A $% ,1' /4$1 /"4 32B"+' 2E"% C >7

234DD74BDD78$; < 4,'&+4-,A 1&+1 B&4., 39+- '"#%,"+ >? 3, -&.#4,1 5&./%,8,1A %" '4"-1B&4.2,

3, F&+4$,4 3$154)', 3+ 1$E-"% 25("-'$%%&--2 5&44,1/&-3"-' C ;A +- '"#%,"+ >? 3&-' %,1 2%26

.,-'1 3&$@,-' ='4, 42,%17 !,1 2%2.,-'1 3+ '"#%,"+ 4,'&+4-2 5&44,1/&-3,-' "+8 B42*+,-5,1

n
Fe

N
"@,5 n ∈ [[0, ⌊

N

2
⌋]]A N %, -&.#4, 392%2.,-'1 3, ; ,' Fe %" B42*+,-5, 3925("-'$%%&--"E,7

G-B$-A %, B"5',+4 .+%'$/%$5"'$B HIN 3&$' ='4, "//%$*+2 "+ '"#%,"+ >? 4,'&+4-2 /&+4 &#',-$4 %,

1/,5'4, 3+ 1$E-"% 5&-'$-+ 5&44,1/&-3"-' "+ 1$E-"% 25("-'$%%&--2 5&-',-+ 3"-1 ;7

234=E2A3?F>8?9 @9 "; < 4,'&+4-, +- '"#%,"+ >? 3, J 2%2.,-'1 42/"4'$1 %$-2"$4,.,-' ,-'4, "

,' #A " ,1' %, /4,.$,4 2%2.,-' 3+ '"#%,"+A # %, 3,4-$,47

3=743=678$9 .; < /,4.,' 3, '4"5,4 %, '"#%,"+ >? K ,- B&-5'$&- 3+ '"#%,"+ >? ;7 !,1 3,+8
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