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❉❛♥# ✉♥ ♣(❡♠✐❡( &❡♠♣#✱ ♦♥ #✬✐♥&-(❡##❡ . ✉♥❡ ♣❧❛2✉❡ ❞✬❛❝✐❡( #❡♠✐✲✐♥✜♥✐❡ ❝♦♥&❡♥✉❡ ❞❛♥# ❧❡ ❞❡♠✐✲

❡#♣❛❝❡ z > 0✳ ❖♥ ✉&✐❧✐#❡ ✉♥ ✐♥❞✉❝&❡✉( ♣❧❛❝- ❡♥✲❞❡##♦✉# ❞❡ ❧❛ ♣❧❛2✉❡ ♣♦✉( ❣-♥-(❡( ✉♥ ❝❤❛♠♣
♠❛❣♥-&✐2✉❡ ❤♦♠♦❣7♥❡ ❛❧✐❣♥- #✉✐✈❛♥& ❧✬❛①❡ (Ox) . ❧❛ #✉(❢❛❝❡ ❞❡ ❝❡❧❧❡✲❝✐✳ ❖♥ ❝❤❡(❝❤❡ . ❞-&❡(♠✐♥❡(
❧❡# ❝♦✉(❛♥&# ✐♥❞✉✐&# ❞❛♥# ❧❛ ♣✐7❝❡ ❞✬❛❝✐❡(✳ B♦✉( ❝❡❧❛✱ ♥♦✉# ❞❡✈♦♥# ❝❛❧❝✉❧❡( ❧❡# ❝❤❛♠♣# ♠❛❣♥-&✐2✉❡−→
B (−→r , t) ❡& -❧❡❝&(✐2✉❡ −→E (−→r , t) ❞❛♥# ❧✬❛❝✐❡(✳

❉❛♥# ❧❡ ❝♦♥&❡①&❡ ❞❡ ❝❡ ♣(♦❜❧7♠❡✱ ❧❡# -2✉❛&✐♦♥# ❞❡ ▼❛①✇❡❧❧ #✬-❝(✐✈❡♥& ✿





❞✐✈

−→
B = 0

❞✐✈

−→
E = 0

−→
(♦&

−→
E = −∂

−→
B

∂t−→
(♦&

−→
B = µ0µr

−→
J

♦F ♦♥ ❛ ✐♥&(♦❞✉✐& µr✱ ❛♣♣❡❧-❡ ♣❡(♠-❛❜✐❧✐&- (❡❧❛&✐✈❡✱ 2✉✐ ♣❡(♠❡& ❞❡ &❡♥✐( ❝♦♠♣&❡ ❞❡# ♣(♦♣(✐-&-#

♠❛❣♥-&✐2✉❡# ❞❡ ❧✬❛❝✐❡(✳

✽✳ ❉♦♥♥❡( ❧❛ (❡❧❛&✐♦♥ (❡❧✐❛♥& ❧❡# ❝♦✉(❛♥&# ✐♥❞✉✐&#

−→
J ❡♥ ❢♦♥❝&✐♦♥ ❞✉ ❝❤❛♠♣ -❧❡❝&(✐2✉❡

−→
E ❡♥ ♣(❡♥❛♥&

#♦✐♥ ❞❡ ❞-&❛✐❧❧❡( ❧❛ ❝♦♥#&❛♥&❡ ✐♥&(♦❞✉✐&❡ ❡& #❡# ✉♥✐&-#✳

✾✳ ❉-✜♥✐( ❧❡# #②♠-&(✐❡# ❡& ✐♥✈❛(✐❛♥❝❡# ❞✉ #②#&7♠❡ ❛✜♥ ❞❡ (-❞✉✐(❡ ❧❡ ♥♦♠❜(❡ ❞❡ ❝♦♠♣♦#❛♥&❡# ♥♦♥

♥✉❧❧❡# ❡& ❧❡✉(# ❞-♣❡♥❞❛♥❝❡#✳

✶✵✳ ➱&❛❜❧✐( ❧✬-2✉❛&✐♦♥ ✈-(✐✜-❡ ♣❛( ❧✬✉♥✐2✉❡ ❝♦♠♣♦#❛♥&❡ ♥♦♥ ♥✉❧❧❡ ❞✉ ❝❤❛♠♣

−→
B ❧♦(#2✉❡ ❧✬❡①❝✐&❛&✐♦♥

❡#& #✐♥✉#♦I❞❛❧❡ . ❧❛ ♣✉❧#❛&✐♦♥ ω ✭♦♥ ❝❤♦✐#✐(❛ ❧❛ ❝♦♥✈❡♥&✐♦♥
−→
B (−→r , t) = −→

B (−→r )e−jωt
✮✳

✶✶✳ ❉-&❡(♠✐♥❡( ❧❛ #♦❧✉&✐♦♥ ❞❡ ❝❡&&❡ -2✉❛&✐♦♥ ✭❡♥ ✐♥&(♦❞✉✐#❛♥& Bs ❧❛ ✈❛❧❡✉( ❞❡ B ❡♥ z = 0✮✳ ❖♥
♣(❡♥❞(❛ #♦✐♥ ❞✬✐♥&(♦❞✉✐(❡ ✉♥❡ -♣❛✐##❡✉( ❞❡ ♣❡❛✉ δ . ❞-✜♥✐(✳

✶✷✳ ❚(❛❝❡( ❧✬-✈♦❧✉&✐♦♥ ❞✉ ♠♦❞✉❧❡ |B(z)| ❡& ❞✐#❝✉&❡( ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❢(-2✉❡♥❝❡ ❡& ❞❡ ❧❛ ♣❡(✲
♠-❛❜✐❧✐&- (❡❧❛&✐✈❡ µr ❞✉ ♠❛&-(✐❛✉✳

✶✸✳ ▼♦♥&(❡( 2✉❡ ❧❛ ♣✉✐##❛♥❝❡ ✈♦❧✉♠✐2✉❡ ❞✐##✐♣-❡ ♣❛( ❡✛❡& ❏♦✉❧❡ PJ = 1
2µ0µr

∥∥∥−→E ∧ −→
B∗

∥∥∥ ♣❡✉& #❡
♠❡&&(❡ #♦✉# ❧❛ ❢♦(♠❡ ✿

PJ = P0e
−
2z

δ

❈❡ ♣(❡♠✐❡( ❝❛❧❝✉❧ ❡#& ✉♥ ❝❛# ❞❡ (-❢-(❡♥❝❡ #✉( ❧❡2✉❡❧ ♦♥ ❡##❛✐❡ ❞❡ #❡ (❛♠❡♥❡( ❧♦(#2✉❡ ❧❛ ❣-♦♠-&(✐❡

❡#& ♠♦❞✐✜-❡✳

✷✳✷ ■♥❞✉❝(❡✉* ❡♥*♦✉❧. ❛✉(♦✉* ❞✬✉♥❡ ♣❧❛1✉❡ ♠.(❛❧❧✐1✉❡

B❛##♦♥# ❛✉ ❝❛# ❞✬✉♥❡ ❣-♦♠-&(✐❡ ♣❧✉# ♣(♦❝❤❡ ❞❡ ❧❛ (-❛❧✐&-✳ ❖♥ ❝♦♥#✐❞7(❡ ❞-#♦(♠❛✐# ✉♥❡ ♣❧❛2✉❡

♠-&❛❧❧✐2✉❡ ❝♦♠♠❡ (❡♣(-#❡♥&-❡ #✉( ❧❡ #❝❤-♠❛ #✉✐✈❛♥& ✿

✺
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Ox
−→
B

ω

h ≪ d y

Bs

−→
J

PJ = P0f(ξ) P0 ξ ξ =
h

2δ

f(ξ) =
ξ − ξ

ξ + cos ξ

f

µr = 100
σ = 107
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✸ ➱"✉❞❡ ❞✉ ♣'♦❜❧+♠❡ "❤❡'♠✐/✉❡

❉❛♥# ❝❡&&❡ ♣❛(&✐❡✱ ♦♥ ❝❤❡(❝❤❡ - .&❛❜❧✐( ❧✬.✈♦❧✉&✐♦♥ ❞❡ ❧❛ &❡♠♣.(❛&✉(❡ ❛✉ #❡✐♥ ❞✉ ♠❛&.(✐❛✉✳ 7♦✉(

❝❡❧❛✱ ♦♥ ❝♦♥#✐❞8(❡ - ♥♦✉✈❡❛✉ ✉♥ ♠❛&.(✐❛✉ #❡♠✐✲✐♥✜♥✐ #✐&✉. ❞❛♥# ❧❡ ❞❡♠✐✲❡#♣❛❝❡ z > 0 ❡①❝✐&. ♣❛(
✉♥ ❝❤❛♠♣ ♠❛❣♥.&✐=✉❡ ✉♥✐❢♦(♠❡ - #♦♥ ✐♥&❡(❢❛❝❡✳

✸✳✶ ➱✈♦❧✉(✐♦♥ ❞❡ ❧❛ (❡♠♣01❛(✉1❡ ❞❛♥2 ✉♥ ♠❛(01✐❛✉ ✐2♦❧0

❉❛♥# ❝❡&&❡ ♣❛(&✐❡✱ ♦♥ #✉♣♣♦#❡ =✉❡ ❧❛ #❡✉❧❡ #♦✉(❝❡ ❞❡ ❝❤❛❧❡✉( ❡#& ❧❛ ♣✉✐##❛♥❝❡ ✐♥❞✉✐&❡ ♣❛( ❡✛❡& ❏♦✉❧❡

✭(.#✉❧&❛& ❞❡ ❧❛ =✉❡#&✐♦♥ ✶✸✮ ❡& ♦♥ #✉♣♣♦#❡ ❧❡ ♠❛&.(✐❛✉ ✐#♦❧. &❤❡(♠✐=✉❡♠❡♥& ❞❡ #♦♥ ❡♥✈✐(♦♥♥❡♠❡♥&✳

✶✾✳ ▼♦♥&(❡( =✉❡ ❞❛♥# ❝❡# ❝♦♥❞✐&✐♦♥# ❧✬.=✉❛&✐♦♥ ✈.(✐✜.❡ ♣❛( ❧❡ ❝❤❛♠♣ ❞❡ &❡♠♣.(❛&✉(❡ T (z, t) ❛✉
#❡✐♥ ❞✉ ♠❛&.(✐❛✉ ♣❡✉& #✬.❝(✐(❡ #♦✉# ❧❛ ❢♦(♠❡ ✿

ρcp
∂T (z, t)

∂t
− k

∂2T (z, t)

∂z2
= PJ(z)

♦G ρ ❡#& ❧❛ ♠❛##❡ ✈♦❧✉♠✐=✉❡✱ cp ❧❛ ❝❛♣❛❝✐&. &❤❡(♠✐=✉❡ ♠❛##✐=✉❡ - ♣(❡##✐♦♥ ❝♦♥#&❛♥&❡ ❡& k ❧❛

❝♦♥❞✉❝&✐✈✐&. &❤❡(♠✐=✉❡ ❞✉ ♠❛&.(✐❛✉✳ ❊①♣❧✐=✉❡( ❝❤❛=✉❡ &❡(♠❡ ❞❡ ❝❡&&❡ .=✉❛&✐♦♥✳

✷✵✳ ❖♥ .♠❡& ❧✬❤②♣♦&❤8#❡ ❞✬✉♥ ❢♦(& ❝♦♥✜♥❡♠❡♥& ❞❡ ❧❛ #♦✉(❝❡ ✐♥❞✉❝&✐✈❡✳ ❉❛♥# ❝❡# ❝♦♥❞✐&✐♦♥#✱

♠♦♥&(❡( =✉❡ ❧❛ ♣✉✐##❛♥❝❡ ✈♦❧✉♠✐=✉❡ ❞❡✈✐❡♥& ✉♥❡ ♣✉✐##❛♥❝❡ #✉(❢❛❝✐=✉❡ ❞♦♥& ♦♥ ❞.✜♥✐& ❧❛ ✈❛❧❡✉(

❡♥ ✐♥&.❣(❛♥& ❧❡ (.#✉❧&❛& ❞❡ ❧❛ =✉❡#&✐♦♥ ✶✸ ♣♦✉( z ❛❧❧❛♥& ❞❡ 0 - +∞✳ ❖♥ ✐♥&(♦❞✉✐(❛ ❧❛ ♥♦&❛&✐♦♥
Ps =

2P0

δ
✳

✷✶✳ ❘..❝(✐(❡ ❧✬.=✉❛&✐♦♥ ✈.(✐✜.❡ ♣❛( ❧❛ ✈❛(✐❛❜❧❡ (.❞✉✐&❡ T̂ (z, t) = T (z, t) − T0 ♦G T0 ❡#& ❧❛ &❡♠✲

♣.(❛&✉(❡ ❛♠❜✐❛♥&❡ ❞❡ ❧✬❛✐( ❛✉&♦✉( ❞❡ ❧❛ ♣✐8❝❡ ❛✈❛♥& ❧❡ ❝❤❛✉✛❛❣❡✳ ❱.(✐✜❡( =✉❡ ❧❡# ❝♦♥❞✐&✐♦♥# ❛✉①

❧✐♠✐&❡# ❞✉ ♣(♦❜❧8♠❡ #❡ ♠❡&&❡♥& #♦✉# ❧❛ ❢♦(♠❡ ✿





T̂ (z, t = 0) = 0

limz→∞ T̂ (z, t) = 0

k
∂T̂

∂z

∣∣∣∣∣
z=0

= −Ps

7♦✉( (.#♦✉❞(❡ ❝❡&&❡ .=✉❛&✐♦♥ ✐❧ ❡#& ❞✬✉#❛❣❡ ❞✬✉&✐❧✐#❡( ✉♥❡ &(❛♥#❢♦(♠❛&✐♦♥ ♠❛&❤.♠❛&✐=✉❡✱ ❛♣♣❡❧.❡

&(❛♥#❢♦(♠❛&✐♦♥ ❞❡ ▲❛♣❧❛❝❡✳ ❈❡&&❡ &(❛♥#❢♦(♠❛&✐♦♥ .&❛♥& ❤♦(# ♣(♦❣(❛♠♠❡ ♦♥ ✈♦✉# ♣(♦♣♦#❡ ✉♥

❡①❡♠♣❧❡ ♣♦✉( ✈♦✉# ❛♣♣(♦♣(✐❡( ❧❛ ♠.&❤♦❞♦❧♦❣✐❡✳

✼
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❚!❛♥$❢♦!♠❛(✐♦♥ ❞❡ ▲❛♣❧❛❝❡ ✿

▲❛ "#❛♥%❢♦#♠)❡ ❞❡ ▲❛♣❧❛❝❡ ❞✬✉♥❡ ❢♦♥❝"✐♦♥ f(t) ❞)✜♥✐❡ %✉# ]0,∞[ ❡%" ❧❛ ❢♦♥❝"✐♦♥ f̃(s) ❞❡ ❧❛
✈❛#✐❛❜❧❡ s ✭6✉❡ ❧✬♦♥ ♥♦"❡ ♣❛# ❛❜✉% f(s)✮ ❞♦♥♥)❡ ♣❛# ✿

f(s) =

✂

∞

0
e−stf(t)❞t

9♦✉# #)%♦✉❞#❡ ✉♥ %②%";♠❡ ❞✬)6✉❛"✐♦♥% ❛✉① ❞)#✐✈)❡% ♣❛#"✐❡❧❧❡%✱ ♦♥ ✧"#❛♥%❢♦#♠❡✧ ♥♦% )6✉❛"✐♦♥%

❞✐✛)#❡♥"✐❡❧❧❡% ❛✜♥ ❞❡ "#❛✈❛✐❧❧❡# %✉# ❧❛ ❢♦♥❝"✐♦♥ f(s) ❡♥ ✉"✐❧✐%❛♥" ❧❛ "❛❜❧❡ ❞❡ "#❛♥%❢♦#♠)❡% ❞❡
▲❛♣❧❛❝❡ %✉✐✈❛♥"❡ ✿

f(t) f(s)

f ′(t) sf(s)− f(t = 0)

f ′′(t) s2f(s)− sf(t = 0)− f ′(t = 0)

∂f(x,t)
∂x

∂f(x,s)
∂x

A❂❝♦♥%"❛♥"❡ A
s

At A
s2

A
√
t

A
√
π

2s3/2

A√
t

A
√
π√
s

Atn An!
s(n+1)

Ae−
t
τ

Aτ
1+τs

Atneat An!
(s−a)n+1

9✉✐% ♦♥ ❝❛❧❝✉❧❡ ✜♥❛❧❡♠❡♥" f(t) A ♣❛#"✐# ❞❡% ♠B♠❡% "❛❜❧❡%✳

❊①❡♠♣❧❡ ✿ ❖♥ ❝❤❡#❝❤❡ A #)%♦✉❞#❡ ❧✬)6✉❛"✐♦♥ ✿

❞

2z(t)

❞t2
= g ✭g ❡%" ✉♥❡ ❝♦♥%"❛♥"❡✮ ❛✈❡❝

❧❡% ❝♦♥❞✐"✐♦♥% ✐♥✐"✐❛❧❡% ż(t = 0) = v0 ❡" z(t = 0) = 0✳
❊♥ ♣#❡♥❛♥" ❧❛ "#❛♥%❢♦#♠)❡ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ♥♦"#❡ %②%";♠❡ ♦♥ ♦❜"✐❡♥" ✿

s2z(s)− s× 0− v0 =
g

s
❞✬♦G ♦♥ "✐#❡ z(s) =

g

s3
+

v0

s2

❋✐♥❛❧❡♠❡♥"✱ ❡♥ ❛♣♣❧✐6✉❛♥" ❧❛ "#❛♥%❢♦#♠❛"✐♦♥ ❞❡ ▲❛♣❧❛❝❡ ✐♥✈❡#%❡ "❡#♠❡ A "❡#♠❡ ♦♥ ♦❜"✐❡♥" ✿

z(t) =
gt2

2
+ tv0
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✷✹✳ ➚ ♣❛'(✐' ❞❡% ❝♦♠♣♦'(❡♠❡♥(% ❧✐♠✐(❡%✱ ('❛❝❡' ❧✬❛❧❧✉'❡ ❞❡ T̂ (z, t) C t ✜①!✳

✷✺✳ ❚'❛❝❡' ✜♥❛❧❡♠❡♥( ❧✬❛❧❧✉'❡ ❞❡ T̂ (z = 0, t) ❡♥ ❢♦♥❝(✐♦♥ ❞✉ (❡♠♣%✳ ❈♦♠♠❡♥(❡' ❧❛ ❞!♣❡♥❞❛♥❝❡
❡♥ (❡♠♣% ❞❡ ❧❛ %♦❧✉(✐♦♥ ('♦✉✈!❡ ❛✐♥%✐ 2✉❡ ❧❛ %♦❧✉(✐♦♥ ❛✉① (❡♠♣% ❧♦♥❣%✳ ❙❡❧♦♥ ❝❡ ♠♦❞:❧❡✱ ♣❡✉(✲♦♥

❛((❡✐♥❞'❡ ❧❛ (❡♠♣!'❛(✉'❡ ❞❡ ❢✉%✐♦♥ ❞❡ ❧✬❛❝✐❡' ❄

✸✳✷ ❆❥♦✉' ❞✉ ')❛♥,❢❡)' ❝♦♥❞✉❝'♦✲❝♦♥✈❡❝'✐❢

❉!%♦'♠❛✐%✱ ♦♥ (✐❡♥( ❝♦♠♣(❡ ❞✉ ('❛♥%❢❡'( ❝♦♥❞✉❝(♦✲❝♦♥✈❡❝(✐❢ ❛②❛♥( ❧✐❡✉ C ❧✬✐♥(❡'❢❛❝❡ ❡♥('❡ ❧❛ ♣❧❛2✉❡

❡( ❧✬❛✐' ❡♥✈✐'♦♥♥❛♥(✳ ❈❡❧❛ ♠♦❞✐✜❡ ❧❛ ❝♦♥❞✐(✐♦♥ ❧✐♠✐(❡ C ❧✬✐♥(❡'❢❛❝❡ z = 0 ✿

k
∂T̂

∂z

∣∣∣∣∣
z=0

= −Ps + hT̂ (0, t)

✷✻✳ ❊♥ ❞!❞✉✐'❡ ❧❛ ♥♦✉✈❡❧❧❡ %♦❧✉(✐♦♥ ❞✉ ❝❤❛♠♣ ❞❡ (❡♠♣!'❛(✉'❡ T̂ (z, s)✳

✷✼✳ ➱✈❛❧✉❡' ❧❛ ✈❛❧❡✉' ✜♥❛❧❡ ❞✉ ❝❤❛♠♣ ❞❡ (❡♠♣!'❛(✉'❡ ❡♥ ✉(✐❧✐%❛♥( ❧❡ (❤!♦':♠❡ ❞❡ ❧❛ ✈❛❧❡✉' ✜♥❛❧❡ ✿

lim
t→+∞

T̂ (z, t) = lim
s→0

sT̂ (z, s)
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❞♦♥♥!❡% ♣❛' ❧❛ ❧♦✐ ❞❡ ❙(❡❢❛♥✲❇♦❧(③♠❛♥♥ ❝♦''✐❣!❡ ✿ P
 ❛②

= ǫσ0T
4
✱ ♦S ❧✬♦♥ ❛ ✐♥('♦❞✉✐( ❧❡% ❣'❛♥❞❡✉'%

%✉✐✈❛♥(❡% ✿

✖ Pray ❡%( ❧❛ ♣✉✐%%❛♥❝❡ %✉'❢❛❝✐2✉❡ '❛②♦♥♥!❡

✖ σ0 = 5, 67.10−8 W.m−2.K−4
❧❛ ❝♦♥%(❛♥(❡ ❞❡ ❙(❡❢❛♥✲❇♦❧(③♠❛♥♥

✖ T ❧❛ (❡♠♣!'❛(✉'❡ ❞❡ %✉'❢❛❝❡ ✭❡♥ ❑✮

✖ ǫ ❧❡ ❝♦❡✣❝✐❡♥( ❞✬!♠✐%%✐✈✐(! ❞✉ ♠❛(!'✐❛✉ ✭0 < ǫ < 1✮ ❝♦♥%✐❞!'! ❝♦♠♠❡ !❣❛❧ C ✶ ✐❝✐✳
❈♦♠♣❛'❡' ❧❡% (❡'♠❡% ❝♦♥✈❡❝(✐❢% ✭h = 10 W.m−2.K−1
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