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SESSION 2022                                PSI3MO           
 

 
 
 
 
 

ÉPREUVE SPÉCIFIQUE - FILIÈRE PSI 
____________________ 

 

MODÉLISATION ET INGÉNIERIE NUMÉRIQUE 
 

Durée : 4 heures 
____________________ 

N.B. : le candidat attachera la plus grande importance à la clarté, à la précision et à la concision de la rédaction. 
Si un candidat est amené à repérer ce qui peut lui sembler être une erreur d’énoncé, il le signalera sur sa copie 
et devra poursuivre sa composition en expliquant les raisons des initiatives qu’il a été amené à prendre. 

 
RAPPEL DES CONSIGNES 

 

• Utiliser uniquement un stylo noir ou bleu foncé non effaçable pour la rédaction de votre composition ; d’autres 
couleurs, excepté le vert, peuvent être utilisées, mais exclusivement pour les schémas et la mise en 
évidence des résultats. 

• Ne pas utiliser de correcteur. 
• Écrire le mot FIN à la fin de votre composition. 
 

________________________________________________________________________________ 
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/7#C.'(,('&) ')5-'(# %,* /# $+'$2#0 K&))#* /, 6&*2# 5# /, *+%&)$# dz(t) #) 6&).('&) 5#$
.,*,.(+*'$('1-#$ 5- $'$2&2B(*# :ξ4 ω0; #( 5#$ .,*,.(+*'$('1-#$ 5- $+'$2# :Zs4 ω;0

", 1.234) = 5&))# /7+3&/-('&) 5- 9,') #( 5# /, %=,$# 5# H( jω) #) 6&).('&) 5- *,%%&*(
ω

ω0

%&-*

5'66+*#)(#$ 3,/#-*$ 5- .&#66'.'#)( 57,2&*('$$#2#)( ξ0

!" # !" ! !"" !"! !"# !"$

"

%"

&"

'"

#"

"

(
)
*+
,-
.
/
0

"1!

#
#

!

#

!" # !" ! !"" !"! !"#

"

!23

!3"

!#3

!""

23

3"

#3

"

4
5
)
6
7
,-
.
7
8
9:
6
0

"1!

#
#

!

#

A.234) = B I3&/-('&) 5- 9,') #( 5# /, %=,$# 5# /, 6&).('&) 5# (*,)$6#*( 5- $'$2&2B(*#
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!"#$ !"#$%&'()* +( ,-.%/)( 0'11%.12(* #3')&'3% $4563$'2%3. +' 7-%. (2 +( $- #8-0( +3..5(
0') $- %&'()* + 13))(0#3.+ -' ,3+/$( +' 0%0,3,/2)( #)3#305 #)515+(,,(.29

!"+$ :4-,#$%2'+( ,(0')5( +3%2 ;2)( %+(.2%&'( < $4-,#$%2'+( +' 05%0,( 0') $( #$-7( +( =)5>
&'(.1( 13))(0#3.+-.2 < $4("%7(.1( +5=%.%( +-.0 $( ,-./*-( "9 ?3,,(.2 =-'2>%$ 183%0%)
$- #'$0-2%3. #)3#)( ω0 #-) )-##3)2 < $- #'$0-2%3. ω +( $- 0(13'00( 0%0,%&'( @ ?3,>
,(.2() #8A0%&'(,(.2 1( )50'$2-29

!"0$ B'($ (02 $( ,(%$$(') 183%" #3') $( 13(==%1%(.2 +4-,3)2%00(,(.2 ξ #3') &'( $- )5#3.0(
2(,#3)($$( +' 0%0,3,/2)( < '. 518($3. 03%2 $- #$'0 )-#%+( 0-.0 +5#-00(,(.2 @ C
#-)2%) +(0 +3..5(0 +( $- %&'()* +* 56-$'() $- 6-$(') ,%.%,-$( +( ω0 13))(0#3.+-.2(
(. =3.12%3. +( $- =)5&'(.1( +(0 3.+(0 0%0,%&'(0 < ,(0')()9

:( 0%0,3,/2)( 52'+%5 - '.( #'$0-2%3. #)3#)( +( D*E rad · s
−1 (2 '. 13(==%1%(.2 +4-,3)2%00(,(.2

+(

√

2

2
9

!"1$ ?3.1$')( 0') $(0 =)5&'(.1(0 +( 05%0,( &'( 1( 0%0,3,/2)( (02 1-#-F$( +( ,(0')()9
:4("%7(.1( +' 1-8%() +(0 18-)7(0 (02>($$( 65)%=%5( @

2-),&* 33 4 567-/&8-,&69 :( 8;&8<*

:43FG(12%= +( 1(22( #-)2%( (02 +( ,3+5$%0() $- $31-$%0-2%3. +( $45#%1(.2)( +' 05%0,( < #-)2%) +(
$4(02%,-2%3. +(0 +%02-.1(0 (.2)( 18-&'( 02-2%3. (2 $( 05%0,(9

=&'()* 0 4 :31-$%0-2%3. +( $45#%1(.2)( +' 05%0,( +' EE,-)0 HDEE -' $-)7( +' I-#3. JK3..5(0
LMNM (-)28&'-O(P
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:- $31-$%0-2%3. +4'. 05%0,( 13.0%02( < %+(.2%=%() $4(.+)3%2 #)51%0 3Q %$ 04(02 #)3+'%29 :(0 1-)-1>
25)%02%&'(0 0'%6-.2(0 03.2 -%.0% +5=%.%(0 R

• 8A#31(.2)( R #3%.2 #)51%0 3Q - +5F'25 $( #85.3,/.( +( )'#2')( R 14(02 < #-)2%) +( 1(
#3%.2 &'( 03.2 5,%0 $(0 3.+(0 0%0,%&'(0 ,(0')5(0 (.0'%2( #-) $(0 0%0,3,/2)(09 M(0
133)+3..5(0 03.2 +5=%.%(0 #-) 0- $-2%2'+(* 0- $3.7%2'+( (2 0- #)3=3.+(')9
• 5#%1(.2)( R #)3G(12%3. < $- 0')=-1( +( $- S())( +( $48A#31(.2)(9 ?( #3%.2 (02 +5=%.% #-)
0(0 133)+3..5(0 7537)-#8%&'(0 J$-2%2'+( (2 $3.7%2'+(P9 ?(0 133)+3..5(0 03.2 .325(0
x (2 y +-.0 $- 0'%2( +' 0'G(29

:( #)%.1%#( +( $- $31-$%0-2%3. +(0 05%0,(0 (02 $- 2)%$-25)-2%3. +(0 %.=3),-2%3.0 =3').%(0 #-)
$(0 (.)(7%02)(,(.20 +( #$'0%(')0 02-2%3.0 +%0#30-.2 +( 0%0,3,/2)(09 :(0 ,(0')(0 03.2 (.>
)(7%02)5(0 +-.0 T +%)(12%3.0 3)28373.-$(0 R H 83)%U3.2-$(0 J!02>V'(02 (2 W3)+>M'+P (2 '.(
6()2%1-$(9

:- %&'()* 0 +3..( $- $31-$%0-2%3. +( $45#%1(.2)( +' 05%0,( -' $-)7( +' I-#3. (. ,-)0 HDEE9
K(0 1(.2-%.(0 +( 02-2%3.0 3.2 (.)(7%02)5 $( 05%0,( 6%- +(0 0%0,3,/2)(0 (2 3.2 #' (02%,() $-
$31-$%0-2%3. +( $45#%1(.2)( +' 05%0,(9

:4-.-$A0( +(0 +3..5(0 +(0 0%0,37)-,,(0 #(),(2 +( +52(),%.() $- +%02-.1( ri (.2)( $- 02->
2%3. i 0%2'5( -'" 133)+3..5(0 Jxi*yiP (2 $45#%1(.2)( +' 05%0,( 0%2'5 -'" 133)+3..5(0 Jxe*yeP9
?(22( -.-$A0( 13,#$("( .4(02 #-0 52'+%5( +-.0 1( 0'G(29

X3') 1($-* 18-&'( 02-2%3. i* +( 133)+3..5(0 Jxi*yiP* (02 #30%2%3..5( 0') '.( 1-)2(9 :( )-A3. +'
1()1$( +( 1(.2)( Jxi*yiP &'% #-00( #-) $45#%1(.2)( Jxe*yeP (02 .325 ri9 :456-$'-2%3. +(0 +%02-.1(0
ri (02 13,#$("( (2 #('2 (.7(.+)() +(0 ())(')09 K( 1( =-%2* $( )(13'#(,(.2 +(0 +3..5(0
%00'(0 +(0 +%==5)(.2(0 02-2%3.0 +( ,(0')( .( =-%2 &'( 0%2'() $45#%1(.2)( +-.0 '.( 1()2-%.(
U3.( J%&'()* 1-P9

X3') -##)3"%,() 1( #3%.2 Jxe*yeP* $( #)%.1%#( +( $- ,3+5$%0-2%3. #$-.( -0031%5( (02 +3..5(
0') $- %&'()* 1. #3') T 02-2%3.0 +( ,(0')(9

! " ! #" #!

$

"

%

&

'

(

#"

#%

#&

)

*+,+-./0#

*+,+-./0%

*+,+-./01

!"#$%&$%'"()'*+),*"#%

&$%'-./*($#,0$%1!"2#"3

?-@ Y.2()0(12%3. +( 1()1$(0

! " ! #" #!

$

"

%

&

'

(

#"

#%

#&

)

*+,+-./0#

*+,+-./0%

*+,+-./01

!"#$%&'!() !"#$%&'!(*

!"#$%&'!)*

?.@ Y.2()0(12%3. +( +)3%2(0

=&'()* 1 4 X)%.1%#( +( $31-$%0-2%3. +( $45#%1(.2)( +4'. 05%0,(
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!"#$ "%&'()$ #( *+*&,-' .)(/0)$' 1 $/*"#2$'3 .'* 4""$2"((/'* 2' .5/6)4'(&$' *"(& 2/7)()'*
'( 4$/0(& 2'* 2$")&'* 2"(& .'* /8#0&)"(* *"(& 2"((/'* 60$ .0 2)77/$'(4' &'$-' 1 &'$-' 2'*
/8#0&)"(* 2' 2'#9 4'$4.'*: ;5)(&'$*'4&)"( 2'* 2$")&'* <0 2"(('$ .0 6"*)&)"( 2' .5/6)4'(&$':

!"#$ =0(* .' 40* 2"((/ *#$ .0 %&'()* +,3 /4$)$'3 2' -0(),$' .)&&/$0.'3 .'* /8#0&)"(* 2'
4>08#' 4'$4.':

!-.$ =/<'."66'$ .'* /8#0&)"(* 2'* 4'$4.'* 2'* *&0&)"(* ? '& @: A77'4&#'$ .0 2)77/$'(4' &'$-'
1 &'$-' '& '( 2/2#)$' .5/8#0&)"( 2' .0 2$")&' d12 2' .0 %&'()* +/: A77'4&#'$ .5066.)40&)"(
(#-/$)8#':

!-"$ =0(* .' 40* 2"((/ *#$ .0 %&'()* +/3 /4$)$'3 2' -0(),$' .)&&/$0.'3 .'* /8#0&)"(* 2'
4>08#' 2$")&': A( 2/2#)$' .' *+*&,-' 25/8#0&)"(* .)(/0)$' 6'$-'&&0(& 2' ."40.)*'$ .5/6)B
4'(&$' '& .' -'&&$' *"#* .0 7"$-' AX = R 0<'4 A #(' -0&$)4' C×@3 X .' <'4&'#$ 2"((0(&
.'* 4""$2"((/'* 2' .5/6)4'(&$' '& R #( <'4&'#$ 2' C 4"-6"*0(&'*:

!--$ A<0.#'$ .' $0(D 2# *+*&,-' 6$/4/2'(&: E)-6.)7)'$ .' *+*&,-' -0&$)4)'. 6$/4/2'(& '( .'
-'&&0(& *"#* .0 7"$-' A′X = R "F .0 ("#<'..' -0&$)4' A′ '*& 40$$/' 2' 2)-'(*)"( 2×2:

;5/<0.#0&)"( 2'* 2)*&0(4'* ri 6'#& 6$/*'(&'$ 2'* )(4'$&)&#2'*3 4' 8#) <0 '(&$0G('$ 2'* )(4'$&)B
&#2'* *#$ .0 ."40.)*0&)"( 2' .5/6)4'(&$': ;5)(4'$&)&#2' *#$ .0 2)*&0(4' '*& ("&/' δR '& .5)(4'$&)&#2'
*#$ .0 6"*)&)"( 2' .5/6)4'(&$' '*& ("&/' δX: ;5/8#0&)"( 2'<)'(& H

A′(X + δX) = (R + δR):

I. '*& 6"**)%.' 2' -"(&$'$ 8#' .0 <0$)0&)"( 2' .0 ."40.)*0&)"( 2# */)*-' '*& -0J"$/' 60$ .0
<0$)0&)"( 2' .0 2)*&0(4' ri D$K4' 1 .5'96$'**)"( H

||δX||

||X||
=
(

||A′|| · ||A′−1||
) ||δR||

||R||

"F .'* ("$-'* #&).)*/'* "(& /&/ %)'( 4>")*)'*:

;' 6$"2#)& 2'* ("$-'* ||A′|| · ||A′−1|| *5066'..' .' 4"(2)&)"(('-'(& 2' .0 -0&$)4' A′: ;0 -0&$)4'
A′ '*& %)'( 4"(2)&)"((/' ."$*8#5#(' 70)%.' <0$)0&)"( 2' R '(D'(2$' #(' 70)%.' <0$)0&)"( 2' X:

!-0$ !0$-) .'* <0.'#$* {−10 000,−1 000,−1, 1, 1 000, 10 000}3 .'*8#'..'* *"(& 6.0#*)%.'* '& .0B
8#'..' '(&$0G('$0 .' -')..'#$ 4"(2)&)"(('-'(& 2' .0 -0&$)4' A′ L M#*&)7)'$:

A( 6$0&)8#'3 ). (5+ 0 60* *'#.'-'(& C *&0&)"(* /8#)6/'* 2' *)*-"-,&$'* 8#) 6'$-'&&'(& 2'
2"(('$ 2'* )(7"$-0&)"(* *#$ .0 ."40.)*0&)"( 2' .5/6)4'(&$': A( '77'&3 .0 %&'()* 1 -"(&$' 8#'
6.#*)'#$* 4'(&0)('* 2' *&0&)"(* "(& '($'D)*&$/ .' */)*-' 2# ??-0$* @N?? 0# M06"(: I. '*& 0)(*)
(/4'**0)$' 250(0.+*'$ .'* 2"((/'* )**#'* 2' &"#&'* .'* *&0&)"(* 8#) "(& 2/&'4&/ .' */)*-'
6"#$ ."40.)*'$ .5/6)4'(&$' 2# */)*-' .' 6.#* 6$/4)*/-'(& 6"**)%.':

=0(* 4' 40*3 .0 -0&$)4' A 6"**,2' @ 4"."(('* '& 2' ("-%$'#*'* .)D('*: ;0 $/*".#&)"( 2#
*+*&,-' AX = R *' 70)& 60$ .' 40.4#. 2' .0 -0&$)4' 6*'#2"B)(<'$*' 2' A: O'&&' 6*'#2"B)(<'$*'
6'$-'& 2' 2"(('$ #(' *".#&)"( 2' ("$-' -)()-0.' 1 #( *+*&,-' 25/8#0&)"(* "F ). + 0 6.#*
25/8#0&)"(* 8#' 25)(4"((#'*:
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;0 6*'#2"B)(<'$*' *' 2/7)()& 2' .0 -0(),$' *#)<0(&' H *) tAA '*& )(<'$*)%.' 0."$* .0 *".#&)"(
2' AX = R 2' ("$-' -)()-0.' '*& 2"((/' 60$ A+R "F A+ '*& .0 6*'#2"B)(<'$*' 2' A 2/7)()'
60$ H

A+ = (tAA)−1 · tA:

!-4$ P 60$&)$ 2# *+*&,-' 6$/4/2'--'(& 2/7)()3 '96.)8#'$ 4"--'(& "%&'()$ .0 ."40.)*0&)"(
2' .5/6)4'(&$':

5,)6&* 777 8 5)9:,',6&9; <=(; >?(;,@&

;5"%J'4&)7 2' 4'&&' 60$&)' '*& 2' -"2/.)*'$ .0 6$"60D0&)"( 2# &*#(0-) '& 25'*&)-'$ *"( &'-6*
2' 6$"60D0&)"( 1 60$&)$ 2' .5/6)4'(&$':

=0(* 4'&&' 60$&)'3 ("#* 0.."(* ("#* )(&/$'**'$ 1 .0 6$"60D0&)"( 2# &*#(0-) '( -'$ 07)( 2'
6$/<")$ .5)(*&0(& 250$$)</' 2# &*#(0-) *#$ .'* 4Q&'*: !"#$ 4'.03 /&#2)"(* .0 6$"60D0&)"( #()B
2)-'(*)"(('..' *'."( .509' (Ox) 25#(' "(2' 2' *#$704' '( '0# 6'# 6$"7"(2' R.0 6$"7"(2'#$
'*& &$,* 70)%.' 2'<0(& .0 ."(D#'#$ 25"(2'S: ;5'0# *'$0 4"(*)2/$/' 4"--' #( 7.#)2' 60$70)& '&
)(4"-6$'**)%.': A..' "44#6' 0# $'6"* &"#& .5'*604' 4"-6$)* '(&$' z = 0 '& z = h R%&'()* #S:
;"$* 2# 60**0D' 2' .5"(2'3 .0 *#$704' .)%$' 2' .5'0# '( x '*& 2/6.04/' <'$&)40.'-'(& 2' ζ(x, t):
T( ("&' −→< .' 4>0-6 2'* <)&'**'* 2' .5/4"#.'-'(&3 4'.#)B4) </$)7)' .5/8#0&)"( *#)<0(&' H

∂
−→<
∂t

= −
1

ρ

−−−→

D$02(P) + �g. R?S

!

✞!�" ✁#!

�!

✞
✂!

✄!✄ ☎✒✆☛!

☎✒✆✝!

A&'()* # 8 E#$704' .)%$' 2' .5'0# 0# 60**0D' 2' .5"(2'
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!"##$%& #'($)*+'%& %, #",-,*"#&

! "#$%#&"$' () *+,-. (% .%&,#$%)/ $%//%&$/% g ≃ 10 -·&−2 0

! -,&&% 123)-"4)% (% 35%,) ρ = 1, 0·103 67·-−3 0

! 32#7)%)/ (52#(% (5)# $&)#,-" λT ≃ 100 6- %# +,)$% -%/ 0

! ,-.3"$)(% ζmax (5)# $&)#,-" %# +,)$% -%/ 8 4)%34)%& ('*"-9$/%& 0

! .'/"2(% (5)# $&)#,-" %# +,)$% -%/: TT ≃ 30 -"#;

./01 <)&$"="%/: > .,/$"/ (%& 2/(/%& (% 7/,#(%)/ ./2.2&'&: 4)5"3 %&$ ("=="*"3% (% ('$%*$%/ )#
$&)#,-" %# +,)$% -%/;

./21 <)&$"="%/ 4)% 3% *+,-. (%& 1"$%&&%& 1'/"="% −→1 = vx(x, z, t)~ux + vz(x, z, t)~uz;

./31 ?%& $/,@%*$2"/%& (%& .,/$"*)3%& (% =3)"(% ,) .,&&,7% (5)#% 2#(% &"#)&2A(,3% (% 32#!
7)%)/ (52#(% λ .2)/ ("=='/%#$%& ./2=2#(%)/& (5%,) h &2#$ .+2$27/,.+"'%& 4*5')% 67;
?5'123)$"2# (% 35,33)/% (%& $/,@%*$2"/%& (%& .,/$"*)3%& (% =3)"(% .2)/ ("=='/%#$%& 1,3%)/&

() /,..2/$
h

λ
%&$ ./'&%#$'% 4*5')% 66; B 3, 3"-"$%

h

λ
≪ 1: @)&$"="%/ 4)% −→1 ≃ vx(x, t)~ux;

8*5')% 67 9 C+2$27/,.+"% (%& $/,@%*$2"/%& (%& .,/$"*)3%& (% =3)"(% ,) .,&&,7% (5)#% 2#(%
&"#)&2A(,3%
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✞

�!

✞

�!

✞!

�!

!"#$%&"%'()'*+*,-)#%&"%./)#&"

✁✂✄ ✁☎✄

✁✆✄

✝! ✝!

✝!

8*5')% 66 9 D123)$"2# (% 3, $/,@%*$2"/% (%& .,/$"*)3%& (% =3)"(%& ,) .,&&,7% (% 352#(% .2)/

(%& 1,3%)/& ('*/2"&&,#$%& (% 3, ="7)/% ;-< > 3, ="7)/% ;=< () /,..2/$
h

λ

./>1 E# 7'#'/,3"&,#$ 35%F./%&&"2# () *+,-. (%& 1"$%&&%& 2G$%#)% > 3, ./2: &"-.3"="%/
35'4),$"2# ;6<: .)"& 3, ./2@%$%/ &%32# 3%& ,F%& x %$ z;

./?1 E# ('()"/% 4)% 3% *+,-. (% ./%&&"2# %&$ (2##' .,/ P(x, z, t) = P0 + ρg(h + ζ(x, t) − z)
2H P0 %&$ 3, ./%&&"2# ,$-2&.+'/"4)%; I# &)..2&%/, .2)/ *%3, 4)% 3, ./%&&"2# %&$
*2#$"#)% > 35"#$%/=,*% ,"/!%,);

.@71 E# /',3"&,#$ )# G"3,# (% -,&&%: %#$/% t %$ t + dt: .2)/ 3, $/,#*+% (% =3)"(% *2-./"&%
%#$/% x %$ x + dx: (% +,)$%)/ h + ζ(x, t) > 35"#&$,#$ t %$ (% 3,/7%)/ ,/G"$/,"/% Ly: -2#$/%/

4)%
∂ζ

∂t
≃ −h

∂vx

∂x
; I# -%$$/, > ./2="$ 3% =,"$ 4)5)#% ,)7-%#$,$"2# (% 3, -,&&% (5%,)

*2-./"&% %#$/% x %$ x + dx &% $/,()"$ .,/ )#% ,)7-%#$,$"2# (% ζ; I# %F./"-%/, (%
(%)F -,#"9/%& 3, -,&&% δme %#$/,#$ J,37'G/"4)%-%#$K (,#& 3, $/,#*+% (% =3)"(%: %#$/%
t %$ t + dt: %$ 2# ./'*"&%/, 35,../2F"-,$"2# %==%*$)'%;

.@61 L"#,3%-%#$: -2#$/%/ 4)% 8

∂2ζ

∂t2
(x, t) − c2

∂2ζ

∂x2
(x, t) = 0

2H c =
√

gh; M2--%#$ &5,..%33% *% $N.% (5'4),$"2# O

.@/1 ?, ./2.,7,$"2# (%& 2#(%& 1'/"=",#$ *%$$% /%3,$"2# %&$!%33% ("&.%/&"1% 32/&4)% h #% 1,/"%
.,& O
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!"# $%& !"#$%&' () %' (*( )*+,"% -./)- )0##%&.012 3 $+ .0&/'/01 24"1 .+,"%' 24012%& 3 "1
/1&'+1' 201156 7% .+,"%' 24012%& &% 25.$+)% 2+1& $% &%1& 2%& x )#0/&&+1'&6

+,,- 84+.#9& $%& !"#$%&' (, %' (*( $% :029$% #%12;/$ </%1 )0:.'% 24"1% +"=:%1'+'/01 2%
$4+:.$/'"2% +" >0/&/1+=% 2%& )?'%& @ 7% :029$% #%12;/$ </%1 )0:.'% 24"1% 2/:/1"+'/01
2% $+ )5$5#/'5 2%& 012%& &% .#0.+=%+1' 2+1& $4%+" $0#&,"% $+ .#0A012%"# 2/:/1"% @
74+$$"#% 2%& )0"#<%& 2% $+ A/="#% !"#$%& (* %&';%$$% )0:.+'/<$% +>%) >0'#% #5.01&% 3 $+
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