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SESSION 2022                                   PSI1M           
 

 
 
 
 
 

ÉPREUVE SPÉCIFIQUE - FILIÈRE PSI 
____________________ 

 

MATHÉMATIQUES 
 

Durée : 4 heures 
____________________ 

N.B. : le candidat attachera la plus grande importance à la clarté, à la précision et à la concision de la rédaction. 
Si un candidat est amené à repérer ce qui peut lui sembler être une erreur d’énoncé, il le signalera sur sa copie 
et devra poursuivre sa composition en expliquant les raisons des initiatives qu’il a été amené à prendre. 

 
RAPPEL DES CONSIGNES 

 

• Utiliser uniquement un stylo noir ou bleu foncé non effaçable pour la rédaction de votre composition ; d’autres 
couleurs, excepté le vert, peuvent être utilisées, mais exclusivement pour les schémas et la mise en 
évidence des résultats. 

• Ne pas utiliser de correcteur. 
• Écrire le mot FIN à la fin de votre composition. 
 

______________________________________________________________________________ 
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!"#$%&'( )

*+,-./0123 42 50633 2, ,7-8/9:2 42 '8;</2=%0>10?2

!/-32+,0,;8+

!" #$%&'()" *" +&,-'".!/01/2" 0"')"# *3/00'&2$"' 1"4 2/12514 *" 0'&6/6,1,#% 0&5' 57" -/.

',/61" /1%/#&,'" 45,-/7# 57" 1&, 6,7&),/1" *" 0/'/)(#'"4 n ∈ N∗ "# p ∈ [0; 1] 0/' *"4 2/12514

*3,7#%8'/1"4 *" 9&72#,&74 8/544,"77"4: ;7" 0'"),('" *%)&74#'/#,&7 / %#% *&77%" "7 <=>>

0/' ?6'/$/) *" +&,-'" 0&5' 1" 2/4 &@ p =
1

2
:

!/ >0/,;2 * 0"')"# *3&6#"7,' 57 '%451#/# *" 2&7-"'8"72": !/ >0/,;2 ** /6&5#,# A 57 2/1251

"B/2# *357" ,7#%8'/1" *" 9&72#,&7 8/544,"77" *,#" C ,7#%8'/1" *" D/544 C: !/ >0/,;2 *** 0"')"#

*3%#/61,' 57" )/E&'/#,&7 5#,1" A 1/ >0/,;2 *@ F5, 43,7#%'"44" A 1/ 2&7-"'8"72" 4,)01" *357"

45,#" *" 9&72#,&74 -"'4 57" 9&72#,&7 8/544,"77": G" '%451#/# *" 2&7-"'8"72" 2&74#,#5" 57"

%#/0" 21% */74 57" *%)&74#'/#,&7 0&44,61" *5 #$%&'()" *" +&,-'".!/01/2":

!0/,;2 * = A8+<2/.2+?2 4B6+2 36;,2

H&,# n ∈ N∗: I&5' #&5# k ∈ ~0, 2n�J &7 0&4" K

ak,n =

√
2n

22n+1

(

2n

k

)

.

I&5' #&5# m ∈ NJ &7 0&4" K

Im =

∫ 1

0

(1 − t2)
m
2 *t .

C)D +&7#'"' F5" 1/ 45,#" (Im)m∈N "4# *%2'&,44/7#":

CED +&7#'"' F5" 0&5' #&5# m ∈ N K

Im+2 =
m + 2

m + 3
Im .

CFD L7 *%*5,'" F5" 0&5' #&5# n ∈ N∗ K

I2n =

√
2n

2(2n + 1)an,n

"# I2n−1 =
π
√

2n
an,n .

CGD +&7#'"' F5" 0&5' #&5# n ∈ N∗ K

1 ≤ I2n−1

I2n

≤ I2n−2

I2n

.

L7 *%*5,'" F5" K
1

1 + 1

2n

≤ 2π(an,n)2 ≤ 1.
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!"# !" #$#%&'( )* +,"-('.("+( #( )* /%&0(
(
an,n

)
n≥1 ),'/1%( n 0("# -('/ )2&"3&"&4 5%&/ 1%( 6

I2n ∼
n→+∞

1

2

√
π

n
.

$%&'() ** + ,%-./- 01/2) (2'34&%-) 0) 5%/66

7,%' 0,%0 n ∈ N∗4 ," 5,/( 6

Jn =

∫ √
n

0

(
1 − t2

n

)n

#t .

7,%' 0,%0 n ∈ N∗ (0 5,%' 0,%0 t ∈ R+4 ," 5,/( 6

un(t) =



(
1 − t2

n

)n

/& 0 ≤ t ≤
√

n

0 /&","
.

!"3&"4 ," +,"/&#8'( )2&"0$.'*)( #( 9*%// 6

K =

∫
+∞

−∞
e−

t2

2
1
√

2π
#t .

!7# : )2*&#( #2%" +;*".(<("0 #( -*'&*=)( /&<5)(4 #$#%&'( #( )* !" 1%( )* /%&0( (Jn)n∈N∗

+,"-('.( (0 #,""(' /* )&<&0(>

!8# ?,"0'(' 1%( )* /%&0( #( 3,"+0&,"/ (un)n∈N∗ +,"-('.( /&<5)(<("0 /%' R
+ (0 #,""(' /*

)&<&0(>
!9# ?,"0'(' 1%( 5,%' 0,%0 x ∈ R4 ," * 1 + x ≤ ex (0 (" #$#%&'( 1%( 5,%' 0,%0 n ∈ N∗ 6

∀t ∈ R+ , 0 ≤ un(t) ≤ e−t2
.

!:# ?,"0'(' 1%( )2&"0$.'*)( K (/0 +,"-('.("0(4 5%&/ #$#%&'( #(/ 1%(/0&,"/ 5'$+$#("0(/
%"( -*)(%' (@*+0( #( K>

$%&'() *** + ,%-./- 01/2) ;%<=&%'(=2

!>?# ?,"0'(' 1%2&) (@&/0( %"( 3,"+0&," g :

[
0 ;

1

2

]
→ R (0 %" '$() M ≥ 04 0()/ 1%( 6

∀x ∈
[
0 ;

1

2

]
,

1 − x

1 + x
= e−2x+g(x) (0 |g(x)| ≤ Mx3

.

A"#&+*0&," 6 5,%' ,=0("&' )* <*B,'*0&,"4 ," 5,%''* $+'&'( g(x) /,%/ 3,'<( #2&"0$.'*)(>

!>># C,&0 n ∈ N∗> ?,"0'(' 1%( 5,%' 0,%0 k ∈ ~n + 1; 2n� 6

ak,n

an,n

=

∏k−n−1
i=1

(
1 − i

n

)

∏k−n−1
i=1

(
1 + i

n

) × n

k
.
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!"#$ !" #$#%&'( )%( *+%' ,+%, k ∈ N ,(- )%( n + 1 ≤ k ≤ 3n

2
+ 1. &- (/&0,( bk,n ∈ R ,(- )%(

|bk,n| ≤
M

n3
(k − n − 1)4 (, 1

ak,n

an,n

=
n

k
× ebk,n × e−

1
n

(k−n−1)(k−n)
.

%&'()* +, - ,*'. /* (012'34* 5* 62)7'*-8&9/&:*

2" 3+"0&#4'( %"( 0%&,( #( 56'&67-(0 6-$6,+&'(0 (Xn)n≥1 #$8&"&(0 0%' %" (0*63( *'+767&-&0$

(Ω,Σ, P)9 2" 0%**+0( )%( *+%' ,+%, n ∈ N∗. -6 56'&67-( 6-$6,+&'( Xn 0%&, %"( -+& 7&"+:&6-(

B
(

2n,
1

2

)

(, +" *+0( 1

Zn =
2Xn − 2n
√

2n
.

;+%' ,+%, k ∈ ~0, 2n�. +" *+0( tk,n =
2k − 2n
√

2n
(, Jk,n =

[

tk,n −
1
√

2n
, tk,n +

1
√

2n

[

9 2" 6#:(, )%(

-(0 &",('56--(0 Jk,n. *+%' k ∈ ~0, 2n�. 0+", #&0<+&",0 #(%/ = #(%/ (, )%( 1

[

−
√

2n − 1
√

2n
;
√

2n +
1
√

2n

[

=

2n
⋃

k=0

Jk,n .

;+%' ,+%, n ∈ N∗. +" #$8&"&, %"( 8+"3,&+" hn : R→ R (" (036-&(' #( -6 :6"&4'( 0%&56",( 1

hn : t 7→



















√
2n

2
P(Xn = k) 0>&- (/&0,( k ∈ ~0; 2n� ,(- )%( t ∈ Jk,n

0 0&"+"
.

!";$ ?+&, n ∈ N∗9 @$,(':&"(' -6 -+&. ->(0*$'6"3( (, -6 56'&6"3( #( -6 56'&67-( 6-$6,+&'( Zn9

!"<$ ;'+*+0(' %"( '(*'$0(",6,&+" A'6*B&)%( #( -6 8+"3,&+" h29

!"=$ ?+&, n ∈ N∗9 C$'&8&(' )%( -6 8+"3,&+" hn *+004#( %" :6/&:%: 0%' R (, #$,(':&"(' *+%'

)%(--(0 56-(%'0 3( :6/&:%: (0, 6,,(&",9

!">$ ?+&, x ∈]0;+∞[9 D+",'(' )%>&- (/&0,( n0 ∈ N. ,(- )%( *+%' ,+%, n ∈ N. 5$'&8&6", n ≥ n0. &-

(/&0,( kn ∈ N. ,(- )%( x ∈ Jkn,n9 C$'&8&(' )%>6-+'0 1

kn − n ∼
n→+∞

x
√

2n

2
E tkn,n ∼

n→+∞
x E kn ∼

n→+∞
n .

!"?$ ?+&, n ∈ N∗9 C$'&8&(' )%( *+%' ,+%, k ∈ ~0; 2n�. hn(tk,n) = ak,n9 D+",'(' ("0%&,(. (" %,&-&06",

-(0 '$0%-,6,0 #(0!=.!"#.!">. )%( -6 0%&,( #( 8+"3,&+"0 (hn)n∈N∗ 3+"5('A( 0&:*-(:(",

0%' R (, *'$3&0(' 06 -&:&,(9
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!" #$%&'()'%#' *+,-.' /' #'00' *1+0' /' 2$%#0+$%* (hn)n∈N∗ '*0 1%' 30"-' +,-$(0"%0' -'(,'04

0"%0 /' /3,$%0('( 1% #"* -"(0+#1.+'( /1 053$(6,' /' 7$+&('4!"-."#' 8

!"#$%&'(

9$1( 0$1* (3'.* a ∈ R: b ∈ R: 0'.* ;1' a < b 8

lim
n→+∞

P(a ≤ Zn ≤ b) =

∫ b

a

e−
t2

2
1
√

2π
/t.
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!"#$%&'( )

*+,-./01+-0.2 QR

!/3142-+-0.2

!" #$%&'()" *+,-./$"**" 01-* '1 5+/-04 6 2 0"* #$%#$,/./* 0"* )1.$,3"* 0" $1-4 15 !"$.1,-"*

0" 3"* )1.$,3"* *%-. "-*6,." 6.,',*/"* 01-* '1 5+/-04 66 #%6$ 3%-*.$6,$" 0"* )1.$,3"* %$.7%8

4%-1'"* #"$)"..1-. 01-* '1 5+/-04 666 0" #$%69"$ '+":,*."-3" 0+6-" ;13.%$,*1.,%- QR #%6$ 6-"

)1.$,3" 31$$/" <6"'3%-<6"5

7.-+-0.21

=%6$ .%6* n, p ∈ N∗> %- -%." Mn,p(R) '+"-*")&'" 0"* )1.$,3"* 2 n ',4-"* ". p 3%'%--"* 2

3%";;,3,"-.* 01-* R5 ?+"-*")&'" 0"* )1.$,3"* $/"''"* 31$$/"* 0" .1,''" n "*. -%./ Mn(R)5

@%,. A ∈ Mn(R) A %- -%." /41'")"-. A '+"-0%)%$#7,*)" 0" Mn,1(R) <6, 2 X 1**%3," AX5

=%6$ .%6. A ∈ Mn,p(R)> AT 0/*,4-" '1 )1.$,3" .$1-*#%*/" 0" A5

B-" )1.$,3" A ∈ Mn(R) "*. 0,." -,'#%."-." *+,' ":,*." 6- "-.,"$ k ∈ N∗> ."' <6" Ak
= 05

?+"-*")&'" Mn,1(R) "*. )6-, 0" *%- #$%06,. *31'1,$" 31-%-,<6" 〈·, ·〉 ". 0" '1 -%$)" 1**%3,/"
‖ · ‖5 C- ,0"-.,;,1-. M1(R) ". R> %- 1 #%6$ .%6* X, Y ∈ Mn,1(R) A

〈X, Y〉 = XT Y ". ‖X‖2 = 〈X, X〉 .

D- *6##%*" 01-* .%6. 3" #$%&'()" <6" n ∈ N "*. 6- "-.,"$ -1.6$"' 9/$,;,1-. n ≥ 25

!+/-04 6 8 '+-/0,41 94 /+2: ;

6<; 8 =24 4>5/4110.2 941 ?+-/0,41 94 /+2: ;

@;A< @%,. A ∈ Mn(R) 6-" )1.$,3" 0" $1-4 15 E%-.$"$ <6+,' ":,*." X, Y ∈ Mn,1(R)\{0} ."'* <6"
A = XYT 5

@;B< F/3,#$%<6")"-.> *%,"-. X, Y ∈ Mn,1(R)\{0}5 E%-.$"$ <6" '1 )1.$,3" XYT "*. 0" $1-4 15

6<) 8 @C4DEC41 5/.5/03-31

@%,. A ∈ Mn(R) 6-" )1.$,3" 0" $1-4 15

@)F< E%-.$"$ <6" A2
= tr(A)A5

@);< C- 0/06,$"> #1$ $/36$$"-3" *6$ k> 6-" ":#$"**,%- 0" Ak "- ;%-3.,%- 0" A #%6$ .%6.

k ∈ N∗5
@))< G%--"$ 6-" 3%-0,.,%- -/3"**1,$" ". *6;;,*1-." *6$ '1 .$13" 0" A #%6$ <6" A *%,. -,'#%8

."-."5

@)G< G%--"$ 6-" 3%-0,.,%- -/3"**1,$" ". *6;;,*1-." *6$ '1 .$13" 0" A #%6$ <6" A *%,. 0,14%8

-1',*1&'"5
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!"#$%& '' ( )"$#%*&+ ,& -./+&0.1,&#

''23 ( 45 &6&781&

!" #$%&"&' (

A =
1

3



1 −2 2

−2 1 2

2 2 1

 ∈ M3(R) .

9:;2 )*+,-+./ A20 1" #$#-&/. -" 23+4"56. *""-+*'.-/ #. A0

9:<2 7$'./6&"./ +.8 9*+.-/8 2/32/.8 .' +.8 9.,'.-/8 2/32/.8 #. A0

9:=2 :3"'/./ ;-. +.8 83-8<.82*,.8 2/32/.8 #. A 83"' 3/'=3>3"*-?0

9:>2 7$'./6&"./ -". 6*'/&,. P ∈ O3(R) .' -". 6*'/&,. #&*>3"*+. D ∈ M3(R)@ '.++.8 ;-.

PT AP = D0

9:?2 A"'./2/$'./ >$36$'/&;-.6."' +B."#363/2=&86. A #. M3,1(R)0

''2: ( )"$#%*&+ ,& -./+&0.1,&#

C3&' V ∈ Mn,1(R)\{0}0 !" #$%&"&' PV ,QV ∈ Mn(R) 2*/ (

PV =
1

‖V‖2
VVT .' QV = In − 2

1

‖V‖2
VVT
. DEF

9:@2 :3"'/./ ;-. Im PV = Vect(V) .' ;-. Ker PV = Vect(V)⊥0

9AB2 :3"'/./ ;-. PV .8' +* 2/3G.,'&3" 3/'=3>3"*+. 8-/ +* #/3&'. Vect(V)0

H/$,&8./ +. /*"> .' +* '/*,. #. +* 6*'/&,. PV 0

9A32 :3"'/./ ;-. QV .8' 846$'/&;-. .' 3/'=3>3"*+.0

9A:2 :3"'/./ ;-. QV .8' +* 846$'/&. 3/'=3>3"*+. 2*/ /*223/' I Vect(V)⊥0

!"#$%& ''' ( C"*$.#%+"$%.5 QR

'''23 ( 45 #D+/1"$ 8#D1%7%5"%#&

C3&."' U,V ∈ Mn,1(R)@ '.+8 ;-. ‖U‖ = ‖V‖0 !" "3'. D = Vect(U − V)0

9AA2 :3"'/./ ;-. D⊥ .8' +B."8.6J+. #.8 X ∈ Mn,1(R)@ '.+8 ;-. ‖X − U‖ = ‖X − V‖0
9A;2 73""./ +* #$,36238&'&3" #. U 8-/ +* 8366. #&/.,'. Mn,1(R) = D ⊕ D⊥0

9A<2 !" 8-2238. U .' V "3" ,3+&"$*&/.80 )*+,-+./ QU−VU 3K QU−V .8' #$%&"&. ." DEF0

9A=2 1" #$#-&/. ;-. 23-/ '3-8 Ũ, Ṽ ∈ Mn,1(R)@ &+ .?&8'. -". 6*'/&,. 3/'=3>3"*+. Q@ '.++. ;-.

QŨ .8' ,3+&"$*&/. I Ṽ0
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!!!"# $ %&'()*+,&(+)- QR

./0" !"#$ A ∈ Mn(R)% &"'$()( *+,#- ).#/$) +') 01$(#2) "($3"4"'1-) Q15 $)--) *+) Q1A /"#$ 6)

-1 7"(0) 8

Q1A =



































α ∗ · · · ∗

0
.
.
. C1

0



































"9 α ∈ R )$ C1 ∈ Mn−1(R).

./1" :' (1#/"''1'$ ;1( (<2+(()'2) /+( n5 0"'$()( *+) ;"+( $"+$ A ∈ Mn(R)5 #- ).#/$) +')

01$(#2) Q "($3"4"'1-)5 $)--) *+) QA /"#$ $(#1'4+-1#() /+;<(#)+()%

%!2
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