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λ0

h ≃ 20

3
× 10−34

3 5

E1(t) = E1 sin(ω1t) E2(t) = E2 sin(ω2t)

Es(t) ∝ (E1(t) +E2(t))
2
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❝❡❧❧❡ #✉❡ ✈♦✉' ❝❤♦✐'✐*✐❡③ ♣♦✉* ❢❛✐*❡ ❞❡ ❧✬✐♠❛❣❡*✐❡ ❡♥ ♣*♦❢♦♥❞❡✉* '❛♥' ❛❜'♦*♣5✐♦♥ ❞❛♥' ❧❡' 5✐''✉'

❜✐♦❧♦❣✐#✉❡' ❄

✹✳ ▲❡ ❧❛'❡* ❢♦♥❝5✐♦♥♥❡ ❞❛♥' ✉♥ *8❣✐♠❡ ❞✐5 ✓ ✐♠♣✉❧'✐♦♥♥❡❧ ✔ ❀ ❝✬❡'5✲=✲❞✐*❡ #✉✬✐❧ 8♠❡5 ❞❡' ✐♠♣✉❧'✐♦♥'

❧✉♠✐♥❡✉'❡' ❝♦✉*5❡' ❞✬✉♥❡ ❞✉*8❡ τp = 5 ♥'✱ ❛✈❡❝ ✉♥❡ ❝❛❞❡♥❝❡ ❞❡ *8♣85✐5✐♦♥ frep = 1 ❦❍③✳ ▲❡'

♥♦*♠❡' ❞✬❡①♣♦'✐5✐♦♥ = ✉♥ 5❡❧ ❧❛'❡* '✉* ❧❛ ♣❡❛✉ ✜①❡♥5 ✉♥❡ ✈❛❧❡✉* ♠❛①✐♠❛❧❡ Φ = 100 W.cm−2
=

❧✬8♥❡*❣✐❡ ❧✉♠✐♥❡✉'❡ *❡D✉❡ ♣❛* '❡❝♦♥❞❡ ❡5 ♣❛* ✉♥✐58 ❞❡ '✉*❢❛❝❡ ❞❡ ❧❛ ♣❡❛✉✳ ❖♥ '✉♣♣♦'❡ #✉❡ ❧✬♦♥

✉5✐❧✐'❡ ✉♥ ❧❛'❡* ❞♦♥5 ❧❡ ❢❛✐'❝❡❛✉ ❛ ✉♥ ❞✐❛♠F5*❡ ❞❡ ✶ ♠♠ = 5*❛✈❡*' ✉♥ ♦❜❥❡❝5✐❢ ❞❡ ❢♦❝❛❧❡ ✶ ❝♠✳ ◗✉❡❧❧❡

❡'5 ❧❛ '✉*❢❛❝❡ ❞❡ ❧❛ 5❛❝❤❡ ❢♦❝❛❧❡ ❄ ❉❛♥' ❝❡' ❝♦♥❞✐5✐♦♥'✱ ❝❛❧❝✉❧❡* ❧❛ ♣✉✐''❛♥❝❡ ❝*K5❡ ♠❛①✐♠❛❧❡ ❞✉

❧❛'❡* ♣♦✉* *❡'♣❡❝5❡* ❧❛ ♥♦*♠❡ ♠❡♥5✐♦♥♥8❡✳

■■✳ ●#♥#%❛'✐♦♥ ♣❤♦'♦✲❛❝♦✉/'✐0✉❡

✺✳ ▲♦*'#✉❡ ❧❛ ❧✉♠✐F*❡ ❞✉ ❧❛'❡* ♣8♥F5*❡ ❞❛♥' ❧❡' 5✐''✉' ❜✐♦❧♦❣✐#✉❡'✱ ❡❧❧❡ ♣❡✉5 K5*❡ ❛❜'♦*❜8❡ ♣❛*

❝❡✉①✲❝✐ ❡♥ ❢♦♥❝5✐♦♥ ❞❡ ❧❡✉* ❝L✣❝✐❡♥5 ❞✬❛❜'♦*♣5✐♦♥ = ❧❛ ❧♦♥❣✉❡✉* ❞✬♦♥❞❡ ✉5✐❧✐'8❡✳ ❙♦✉' #✉❡❧❧❡ ❢♦*♠❡

❧✬8♥❡*❣✐❡ ♦♣5✐#✉❡ ❛❜'♦*❜8❡ ♣❛* ❧❛ ♠❛5✐F*❡ *❡♥❝♦♥5*8❡ ♣❡✉5✲❡❧❧❡ K5*❡ ❝♦♥✈❡*5✐❡ ❄ ❉8❝*✐*❡ ❧❡' ❞✐✛8*❡♥5'

♣❤8♥♦♠F♥❡' ❞✬✐♥5❡*❛❝5✐♦♥ ❧✉♠✐F*❡✲♠❛5✐F*❡ #✉❡ ✈♦✉' ❝♦♥♥❛✐''❡③ ❡♥ ❞♦♥♥❛♥5 ❞❡' ❡①❡♠♣❧❡'✳

P♦✉* ♠❛①✐♠✐'❡* ❧✬❛❜'♦*♣5✐♦♥✱ ♦♥ ✉5✐❧✐'❡ ❞❡' ♥❛♥♦♣❛*5✐❝✉❧❡' ❞✬♦* ❝♦♠♠❡ ❛❣❡♥5' ❞❡ ❝♦♥5*❛'5❡✳ ❖♥

❝♦♥'✐❞F*❡ ❞♦♥❝ ❧❛ ❢*❛❝5✐♦♥ ❞✬8♥❡*❣✐❡ ♦♣5✐#✉❡ ❛❜'♦*❜8❡ ❡5 ❝♦♥✈❡*5✐❡ '♦✉' ❢♦*♠❡ ❞❡ ❝❤❛❧❡✉* ♣❛* ❝❡55❡

♥❛♥♦♣❛*5✐❝✉❧❡ '♣❤8*✐#✉❡ ❞❡ *❛②♦♥ a✱ ❞❡ ❝♦♥❞✉❝5✐✈✐58 5❤❡*♠✐#✉❡ κg✱ ❞❡ ♠❛''❡ ✈♦❧✉♠✐#✉❡ ρg ❡5 ❞❡

❝❛♣❛❝✐58 ❝❛❧♦*✐✜#✉❡ ♠❛''✐#✉❡ = ♣*❡''✐♦♥ ❝♦♥'5❛♥5❡ cpg ✳ ▲❡ ♠✐❧✐❡✉ ❡♥✈✐*♦♥♥❛♥5 ❡'5 ❛''✐♠✐❧8 = ❞❡

❧✬❡❛✉ ❞❡ ❝♦♥❞✉❝5✐✈✐58 5❤❡*♠✐#✉❡ κ✱ ❞❡ ♠❛''❡ ✈♦❧✉♠✐#✉❡ ρ ❡5 ❞❡ ❝❛♣❛❝✐58 ❝❛❧♦*✐✜#✉❡ ♠❛''✐#✉❡ cp✳
P♦✉* ❧❡' ❛♣♣❧✐❝❛5✐♦♥' ♥✉♠8*✐#✉❡' ♦♥ ♣*❡♥❞*❛ ❧❡' ✈❛❧❡✉*' '✉✐✈❛♥5❡' ✿

a = 100 ♥♠

κg = 300 ❲✳♠

−1
✳❑

−1

ρg = 20.103 ❦❣✳♠

−3

cpg = 120 ❏✳❑

−1
✳❦❣

−1

κ = 0,5 ❲✳♠

−1
✳❑

−1

cp = 4000 ❏✳❑

−1
✳❦❣

−1

✻✳ ❆♣*F' ❛✈♦✐* ❡①♣❧✐#✉8 ♣♦✉*#✉♦✐ ✐❧ ❡'5 ❧8❣✐5✐♠❡ ❞❡ '✉♣♣♦'❡* #✉❡ ❧✬❡❛✉ ♥✬❛❜'♦*❜❡ ♣❛' ❧✬✐♠♣✉❧'✐♦♥

❧✉♠✐♥❡✉'❡ ♣*♦❞✉✐5❡ ♣❛* ❧❡ ❧❛'❡*✱ 85❛❜❧✐* ❧✬8#✉❛5✐♦♥ ❞❡ ❧❛ ❞✐✛✉'✐♦♥ 5❤❡*♠✐#✉❡ ❞❛♥' ❧✬❡❛✉ ✭r > a✮
= ❧✬❛✐❞❡ ❞✬✉♥ ❜✐❧❛♥ ❝♦♥'❡*✈❛5✐❢ = ♣*8❝✐'❡*✳ ➱5❛♥5 ❞♦♥♥8 ❧❛ ❣8♦♠85*✐❡ '♣❤8*✐#✉❡ ❞❡' ♥❛♥♦♣❛*5✐❝✉❧❡'

♦♥ 5*❛✐5❡*❛ ❧❡ ♣*♦❜❧F♠❡ ❡♥ ❝♦*❞♦♥♥8❡' '♣❤8*✐#✉❡'✳

✼✳ ❋❛✐*❡ ❞❡ ♠K♠❡ ❞❛♥' ❧❛ ♥❛♥♦♣❛*5✐❝✉❧❡ ✭r ≤ a✮ ❡♥ 5❡♥❛♥5 ❝♦♠♣5❡ ❞❡ ❧❛ ♣✉✐''❛♥❝❡ ❛❜'♦*❜8❡ ♣❛*

✉♥✐58 ❞❡ ✈♦❧✉♠❡ ❞❡ ❧❛ ♥❛♥♦♣❛*5✐❝✉❧❡ #✉❡ ❧✬♦♥ ♥♦5❡*❛ PV (r, t) '✉✐5❡ = ❧✬✐♠♣✉❧'✐♦♥ ❧❛'❡*✳

✽✳ P❛* ❛♥❛❧②'❡ ❞✐♠❡♥'✐♦♥♥❡❧❧❡ ❡'5✐♠❡* ❧❡' 5❡♠♣' ❝❛*❛❝58*✐'5✐#✉❡' τg ❡5 τe ❞✬8✈♦❧✉5✐♦♥ ❞❡ ❧❛ 5❡♠♣8✲

*❛5✉*❡ ❛✉ '❡✐♥ ❞❡ ❧❛ ♥❛♥♦♣❛*5✐❝✉❧❡ ❡5 ❞❛♥' ❧✬❡❛✉ = ✉♥❡ ❞✐'5❛♥❝❡ a ❞❡ ❧❛ ♥❛♥♦♣❛*5✐❝✉❧❡✳ ❈♦♠♣❛*❡*

❧❡' ✈❛❧❡✉*' ❞❡ τp✱ τg ❡5 τe ❡5 ❞✐'❝✉5❡* ❝❡' ❞✐✛8*❡♥5❡' 8❝❤❡❧❧❡' ❞❡ 5❡♠♣'✳ ➚ ♣❛*5✐* ❞❡ ❧❡✉* ❝♦♠♣❛*❛✐✲

'♦♥✱ 85❛❜❧✐* ❧❡ '❝8♥❛*✐♦ ❞❡ ❧✬8❧8✈❛5✐♦♥ ❞❡ 5❡♠♣8*❛5✉*❡✱ ♣✉✐' ❞✉ *❡5♦✉* = ❧✬8#✉✐❧✐❜*❡✱ = ❧❛ ❢♦✐' ❞❛♥'

❧✬♦* ❡5 ❞❛♥' ❧✬❡❛✉✳

✾✳ P♦✉* r ≤ a✱ ✐♥58❣*❡* ❧✬8#✉❛5✐♦♥ ♦❜5❡♥✉❡ '✉* ❧❡ ✈♦❧✉♠❡ ❞❡ ❧❛ ♥❛♥♦♣❛*5✐❝✉❧❡ ❡♥ ❝♦♥'✐❞8✲

*❛♥5 #✉❡ ❝❡❧❧❡✲❝✐ ❛❜'♦*❜❡ ❧✬8♥❡*❣✐❡ ♦♣5✐#✉❡ ❞❡ ♠❛♥✐F*❡ ❤♦♠♦❣F♥❡ '✉* ❧✬❡♥'❡♠❜❧❡ ❞❡ '♦♥ ✈♦✲

❧✉♠❡✳ ❖♥ ✐♥5*♦❞✉✐*❛ ❧❛ 5❡♠♣8*❛5✉*❡ ♠♦②❡♥♥❡ ❛✉ '❡✐♥ ❞❡ ❧❛ ♥❛♥♦♣❛*5✐❝✉❧❡ #✉❡ ❧✬♦♥ ♥♦5❡*❛

Tg(t) =
1

V

✆

♥❛♥♦♣❛$%✐❝✉❧❡

T (~r, t)❞V ✳

✶✵✳ ❊♥ ♣*8❝✐'❛♥5 ❧❡' ❡①♣*❡''✐♦♥' ❞❡ D✱ αg ❡5 βg ❡♥ ❢♦♥❝5✐♦♥ ❞❡' ❞♦♥♥8❡' ❞✉ ♣*♦❜❧F♠❡✱ ✈8*✐✜❡*

✸
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 ✉❡ ❧❡$ % ✉❛'✐♦♥$ ♣,%❝%❞❡♥'❡$ ♣❡✉✈❡♥' $❡ ♠❡'',❡ $♦✉$ ❧❛ ❢♦,♠❡ ✿

♣♦✉, r > a :
∂(rT )

∂t
= D

∂2(rT )

∂r2

♣♦✉, r ≤ a :
❞Tg

❞t
= αg

∂T

∂r

∣

∣

∣

∣

r=a−
+ βgPV

✶✶✳ ▲❡ '❡,♠❡ $♦✉,❝❡ ❞4 ❛✉ ❧❛$❡, ♣,❡♥❞ ❧❛ ❢♦,♠❡ ❞✬✉♥❡ ✐♠♣✉❧$✐♦♥ ❣❛✉$$✐❡♥♥❡ ❞❡ ❞✉,%❡

❝❛,❛❝'%,✐$'✐ ✉❡ τp✳ ❊♥ ♥%❣❧✐❣❡❛♥' ❧❡ '❡,♠❡ ❞❡ ❝♦♥$❡,✈❛'✐♦♥ ❞✉ ✢✉① '❤❡,♠✐ ✉❡ < ❧✬✐♥'❡,❢❛❝❡ ♦,✴❡❛✉✱

',❛❝❡, ❧✬❛❧❧✉,❡ ❞❡ ❧✬❛✉❣♠❡♥'❛'✐♦♥ ❞❡ '❡♠♣%,❛'✉,❡ ♠♦②❡♥♥❡ ❛✉ $❡✐♥ ❞❡ ❧❛ ♥❛♥♦♣❛,'✐❝✉❧❡✳ ❖♥ ♣,❡♥❞,❛

$♦✐♥ ❞❡ ❜✐❡♥ ♣,%❝✐$❡,  ✉❡❧❧❡ ❡$' ❧✬%❝❤❡❧❧❡ ❞❡ '❡♠♣$ ❝❛,❛❝'%,✐$'✐ ✉❡✳

✶✷✳ ❊♥ ,%❛❧✐'%✱ ❝❡ '❡,♠❡ ❡$' ♥♦♥✲♥%❣❧✐❣❡❛❜❧❡ ❡' ❡①♣❧✐ ✉❡ ♣♦✉, ✉♦✐ ❧❛ '❡♠♣%,❛'✉,❡ ❞❛♥$ ❧✬❡❛✉

❡♥✈✐,♦♥♥❛♥'❡ ✈❛ %❣❛❧❡♠❡♥' ✈❛,✐❡,✳ C❛, ❛♥❛❧②$❡ ❞✐♠❡♥$✐♦♥♥❡❧❧❡✱ ❡$'✐♠❡, ❧❛ ❞✐$'❛♥❝❡ ❝❛,❛❝'%,✐$'✐ ✉❡

ℓth $✉, ❧❛ ✉❡❧❧❡ ♦♥ ♣❡✉' $✬❛''❡♥❞,❡ < ✈♦✐, ❞❡$ ✈❛,✐❛'✐♦♥$ ❞❡ '❡♠♣%,❛'✉,❡ $✐❣♥✐✜❝❛'✐✈❡$ ❞❛♥$ ❧✬❡❛✉

❥✉$'❡ ❛♣,F$ ❧✬❡①'✐♥❝'✐♦♥ ❞❡ ❧✬✐♠♣✉❧$✐♦♥ ❧❛$❡,✳ ❚,❛❝❡, ❛❧♦,$ ❧✬❛❧❧✉,❡ ❞❡ ❧❛ ❝♦✉,❜❡ ❞❡ '❡♠♣%,❛'✉,❡

❧❡ ❧♦♥❣ ❞❡ ❧❛ ❞✐$'❛♥❝❡ ,❛❞✐❛❧❡ ❛♣,F$ ❛✉❣♠❡♥'❛'✐♦♥ ❞❡ '❡♠♣%,❛'✉,❡ ❞❛♥$ ❧❛ ♥❛♥♦♣❛,'✐❝✉❧❡ ✭♦♥

❡①♣❧✐❝✐'❡,❛ ❧❛ ❞%♣❡♥❞❛♥❝❡ ♠❛'❤%♠❛'✐ ✉❡ ❡♥ r ❞❡ ❧❛ $♦❧✉'✐♦♥✮✳

■■■✳ ●#♥#%❛'✐♦♥ ❛❝♦✉,'✐-✉❡ ❡' ❢♦%♠❛'✐♦♥ ❞✬✐♠❛❣❡

❉❛♥$ ❝❡''❡ ♣❛,'✐❡✱ ♦♥ $♦✉❤❛✐'❡ %'❛❜❧✐, ❡' %'✉❞✐❡, ❧✬❡①♣,❡$$✐♦♥ ❞✉ ❝❤❛♠♣ ❞❡ ♣,❡$$✐♦♥ ❣%♥%,% ❞❛♥$

❧❡ ♠✐❧✐❡✉ < ❧✬❡①'%,✐❡✉, ❞❡ ❧❛ ♥❛♥♦♣❛,'✐❝✉❧❡ ❞✬♦,✳ ▲❡ ✢✉✐❞❡ ✭'♦✉❥♦✉,$ ❛$$✐♠✐❧% < ❞❡ ❧✬❡❛✉✮ %'❛♥'

✐♥✐'✐❛❧❡♠❡♥' ❛✉ ,❡♣♦$✱ ❧❡$ ❝❤❛♠♣$ ❞❡ ✈✐'❡$$❡✱ ♣,❡$$✐♦♥✱ ♠❛$$❡ ✈♦❧✉♠✐ ✉❡ ❡' '❡♠♣%,❛'✉,❡ $✬%❝,✐✈❡♥' ✿

−→v (~r, t) = ~0 P (~r, t) = P0 ρ (~r, t) = ρ0 T (~r, t) = T0

❊♥ ♣,%$❡♥❝❡ ❞✬✉♥❡ ♣❡,'✉,❜❛'✐♦♥ ❝❡$ ❝❤❛♠♣$ ❞❡✈✐❡♥♥❡♥' ✿

−→v (~r, t) = −→va (~r, t) P (~r, t) = P0 + pa (~r, t) ρ (~r, t) = ρ0 + ρa (~r, t) T (~r, t) = T0 + Ta (~r, t)

❖♥ ❢❡,❛ ❧✬❤②♣♦'❤F$❡ ❞❡ ♣❡'✐'❡$ ♣❡,'✉,❜❛'✐♦♥$ ♣❛, ,❛♣♣♦,' < ❧✬% ✉✐❧✐❜,❡ ❡' ♦♥ ♥%❣❧✐❣❡,❛ ❧❡$ ❢♦,❝❡$

❞❡ ❣,❛✈✐'%✳

✶✸✳ ➱'❛❜❧✐, ❧✬% ✉❛'✐♦♥ ❞❡ ❝♦♥$❡,✈❛'✐♦♥ ❞❡ ❧❛ ♠❛$$❡ $♦✉$ ❝❡$ ❤②♣♦'❤F$❡$✳

✶✹✳ ➱'❛❜❧✐, ❧✬% ✉❛'✐♦♥ ❞✬❊✉❧❡, ❡♥ ❝♦♥$✐❞%,❛♥' ❧✬❡❛✉ ❝♦♠♠❡ ✉♥ ✢✉✐❞❡ ♣❛,❢❛✐' ❡' ❡♥ ❥✉$'✐✜❛♥' ❧❡$

❛✉',❡$ $✐♠♣❧✐✜❝❛'✐♦♥$ ♣♦$$✐❜❧❡$✳

✶✺✳ C♦✉, ✐♥',♦❞✉✐,❡ ❧❡ '❡,♠❡ $♦✉,❝❡ ❞4 ❛✉① ✈❛,✐❛'✐♦♥$ ❞✉ ❝❤❛♠♣ ❞❡ '❡♠♣%,❛'✉,❡✱ ♦♥ ♣❡✉' ♠♦♥',❡,

 ✉❡ ❧✬% ✉❛'✐♦♥ ❞✬%'❛' ❞❡ ❧✬❡❛✉ $❡ ♠❡' $♦✉$ ❧❛ ❢♦,♠❡ ✿

ρa (~r, t) =
1

c2
0

pa (~r, t)− ρ0βTa (~r, t)

❛✈❡❝ c0 = 1500 ♠✳$

−1
❧❛ ✈✐'❡$$❡ ❞❡ ♣,♦♣❛❣❛'✐♦♥ ❞❡$ ♦♥❞❡$ ❛❝♦✉$'✐ ✉❡$ ❞❛♥$ ❧✬❡❛✉ ❡' β ✉♥❡

❝♦♥$'❛♥'❡ ❛♣♣❡❧%❡ ❝♦❡✣❝✐❡♥' ❞❡ ❞✐❧❛'❛'✐♦♥ '❤❡,♠✐ ✉❡ ❞✉ ✢✉✐❞❡✳ ➱'❛❜❧✐, ❧✬% ✉❛'✐♦♥ ❞✐✛%,❡♥'✐❡❧❧❡

✈%,✐✜%❡ ♣❛, ❧❛ ♣,❡$$✐♦♥ pa (~r, t)✳

✶✻✳ ◗✉❡❧$ '②♣❡$ ❞❡ $♦❧✉'✐♦♥$ < ❧✬% ✉❛'✐♦♥ ♣,%❝%❞❡♥'❡ $✬❛''❡♥❞✲♦♥ < ❛✈♦✐, ✭❡♥ ❢❛✐$❛♥' ❧✬❤②♣♦'❤F$❡

 ✉❡ ❧❡$ ✈❛,✐❛'✐♦♥$ ❞❡ '❡♠♣%,❛'✉,❡ ❝♦,,❡$♣♦♥❞❡♥' < ✉♥❡ $♦✉,❝❡ ♣♦♥❝'✉❡❧❧❡✮ ❄ ◆♦'❛♠♠❡♥'✱  ✉❡❧

❝♦♠♣♦,'❡♠❡♥' ❛✲'✲♦♥ < ❣,❛♥❞❡ ❞✐$'❛♥❝❡ ♣♦✉, ❧✬❛♠♣❧✐'✉❞❡ ❞❡ ♣,❡$$✐♦♥ ❄

✶✼✳ ❖♥ ❞♦♥♥❡ $✉, ❧❛ ✜❣✉,❡ ✸ ❧❡ ❝❤❛♠♣ ❞❡ ♣,❡$$✐♦♥ ❡♥ ❢♦♥❝'✐♦♥ ❞✉ '❡♠♣$ < ❧❛ $✉,❢❛❝❡ ❞❡ ❧❛

♥❛♥♦♣❛,'✐❝✉❧❡ $✉✐'❡ < $♦♥ %❧%✈❛'✐♦♥ ❞❡ '❡♠♣%,❛'✉,❡✳ ❆✉ ✈✉ ❞❡ ❝❡ ❣,❛♣❤❡✱ ❞%'❡,♠✐♥❡, ❧❛ ❢,% ✉❡♥❝❡

✹
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(x, y, z) = (0, 0, 0)
(x, y, z) = (0, 0, 3 )

frep = 1

D = 1 F = 3

N
(Ox) N

(−D/2, 0, 0) (D/2, 0, 0)
i N i = 1 (−D/2, 0, 0)

i

(0, 0, F )
F = 3
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✷✹✳ ❊♥ "✉♣♣♦"❛♥' (✉❡ ❧❛ ♥❛♥♦♣❛+'✐❝✉❧❡ ❞✬♦+ 0♠❡' ✉♥ "✐❣♥❛❧ ♣❤♦'♦❛❝♦✉"'✐(✉❡ ❞❡ ❢+0(✉❡♥❝❡ f ✭❞❛♥"
"♦♥ ♣+♦♣+❡ +0❢0+❡♥'✐❡❧✮✱ ❞0'❡+♠✐♥❡+ ❧✬❡①♣+❡""✐♦♥ ❞❡ ❧❛ ❢+0(✉❡♥❝❡ f ′

♣❡+9✉❡ ♣❛+ ❧❛ "♦♥❞❡ ❡♥ ❢♦♥❝'✐♦♥

❞❡" ♣❛+❛♠:'+❡" ❞✉ ♣+♦❜❧:♠❡✳ ❊♥ ❞0❞✉✐+❡ ❧✬❡①♣+❡""✐♦♥ ❞✉ ❞0❝❛❧❛❣❡ ❢+0(✉❡♥'✐❡❧ ∆f = f ′ − f ✳
❖♥ +❡♠❛+(✉❡+❛ (✉❡ ✿

✲ ❧❛ ✈✐'❡""❡ ❞✉ "♦♥ ❞❛♥" ❧❡" '✐""✉" ❜✐♦❧♦❣✐(✉❡" ❡"' ❛""✐♠✐❧0❡ A ❝❡❧❧❡ ❞❛♥" ❧✬❡❛✉ ❡' (✉✬❡❧❧❡ ❡"' ❜❡❛✉❝♦✉♣

♣❧✉" ❣+❛♥❞❡ (✉❡ ❧❛ ✈✐'❡""❡ ❞✉ "❛♥❣ ❞❛♥" ✉♥ ✈❛✐""❡❛✉ "❛♥❣✉✐♥ ❀

✲ ❧❛ ❞✐"'❛♥❝❡ ❡♥'+❡ ❧❛ ♥❛♥♦♣❛+'✐❝✉❧❡ ❡' ❧❛ "♦♥❞❡✱ ❞❡ ❧✬♦+❞+❡ ❞❡ ✶ A ✶✵ ❝♠✱ ❡"' ❜❡❛✉❝♦✉♣ ♣❧✉" ❣+❛♥❞❡

(✉❡ ❧❛ ❧♦♥❣✉❡✉+ ❞✬♦♥❞❡ λ ❞❡ ❧✬♦♥❞❡ ✉❧'+❛"♦♥♦+❡ 0♠✐"❡ ♣❛+ ❧❛ ♥❛♥♦♣❛+'✐❝✉❧❡ ❀
✲ ❧❛ "♦♥❞❡ ❡"' ♦+✐❡♥'0❡ ❞✬✉♥ ❛♥❣❧❡ α ♣❛+ +❛♣♣♦+' ❛✉ ✈❛✐""❡❛✉ "❛♥❣✉✐♥✳

✷✺✳ ❖♥ +0❛❧✐"❡ ✉♥❡ ♠❡"✉+❡ ❡①♣0+✐♠❡♥'❛❧❡ ♣❛+ ♣❤♦'♦❛❝♦✉"'✐(✉❡ "✉+ ✉♥ ❝❛♣✐❧❧❛✐+❡ ❡' "✉+ ❧✬❛♦+'❡✳ ❖♥

"✉♣♣♦"❡ ❝♦♥♥✉❡ ❧❛ ❢+0(✉❡♥❝❡ ❞✬0♠✐""✐♦♥ ❞❡" ♥❛♥♦♣❛+'✐❝✉❧❡" ✿ f = 100 ▼❍③✳ ▲❛ ✈✐'❡""❡ ❞✉ "♦♥
❞❛♥" ❧❡" '✐""✉" ❜✐♦❧♦❣✐(✉❡" ❡"' ❛""✐♠✐❧0❡ A ❝❡❧❧❡ ❞❛♥" ❧✬❡❛✉✳ ▲✬❛♥❣❧❡ ❞❡ ♠❡"✉+❡ ✉'✐❧✐"0 ❡"' α = 60✝✳
▲❡" ❞0❝❛❧❛❣❡" ❡♥ ❢+0(✉❡♥❝❡ ♠❡"✉+0" "♦♥' ❧❡" "✉✐✈❛♥'" ✿ |∆faorte| = 16 kHz ❡' |∆fcap| = 10 ❍③✳ ❊♥
❞0❞✉✐+❡ ❧❛ ✈✐'❡""❡ ❞✉ "❛♥❣ ❞❛♥" ❝❤❛❝✉♥ ❞❡" ❝❛"✳

✷✻✳ ❈❡" ✈❛✐""❡❛✉① "❛♥❣✉✐♥" "♦♥' ❝②❧✐♥❞+✐(✉❡" ❞❡ ❞✐❛♠:'+❡ D = 2R✳ ❖♥ ♥♦'❡+❛ ρ ❧❛ ♠❛""❡ ✈♦❧✉✲
♠✐(✉❡ ❞✉ "❛♥❣✱ ρ = 1200 kg.m−3

❡' η = 3.10−3 Pa.s "❛ ✈✐"❝♦"✐'0✳ ❉0✜♥✐+ ❡' ❝❛❧❝✉❧❡+ ❧❡ ♥♦♠❜+❡
❞❡ ❘❡②♥♦❧❞" ❞❛♥" ❧❡ ❝❛" ❞✬✉♥ 0❝♦✉❧❡♠❡♥' ❞❛♥" ❧✬❛♦+'❡ ✭R

❛♦"#❡

≈ 1 ❝♠✮ ♣✉✐" ❞❛♥" ✉♥ ❝❛♣✐❧❧❛✐+❡
✭R

❝❛♣

≈ 10 µ♠✮✳

✷✼✳ ❖♥ "✬✐♥'0+❡""❡ ♠❛✐♥'❡♥❛♥' A ❧✬0❝♦✉❧❡♠❡♥' ❞✉ "❛♥❣ ❞❛♥" ❧❡ ❝❛" ❞✉ ❝❛♣✐❧❧❛✐+❡ ❝♦♥"✐❞0+0 ❝♦♠♠❡

❛②❛♥' ✉♥❡ "❡❝'✐♦♥ ❝♦♥"'❛♥'❡✱ ❞❡ +❛②♦♥ R ❡' ❞❡ ❧♦♥❣✉❡✉+ L ✭❛✈❡❝ L ≫ R✮✳ ▲❡ "❛♥❣ ② ❡"' ❝♦♥"✐❞0+0
❝♦♠♠❡ ✉♥ ✢✉✐❞❡ ✐♥❝♦♠♣+❡""✐❜❧❡✳ ❙♦♥ 0❝♦✉❧❡♠❡♥' ❡"' ❝♦♥"✐❞0+0 ❝♦♠♠❡ "'❛'✐♦♥♥❛✐+❡ ❡' ✐++♦'❛'✐♦♥✲

♥❡❧ "❡❧♦♥ ❧✬❛①❡ (Oz) ❞✉ ❝❛♣✐❧❧❛✐+❡✳ ❊♥✜♥ ♦♥ ♥0❣❧✐❣❡ ❧❡" ❢♦+❝❡" ❞❡ ❣+❛✈✐'0✳ ❖♥ ♥♦'❡ −→v (r, θ, z) ❧❡
❝❤❛♠♣ ❞❡ ✈✐'❡""❡ ❡' P (r, θ, z) ❧❡ ❝❤❛♠♣ ❞❡ ♣+❡""✐♦♥ ❡♥ ❝♦♦+❞♦♥♥0❡" ❝②❧✐♥❞+✐(✉❡"✳ ❊♥ ❥✉"'✐✜❛♥'
❧❡ +❛✐"♦♥♥❡♠❡♥'✱ ♠♦♥'+❡+ (✉❡ ❧❡ ❝❤❛♠♣ ❞❡ ♣+❡""✐♦♥ P (r, θ, z) ❡"' ✉♥✐❢♦+♠❡ ❞❛♥" '♦✉'❡ "❡❝'✐♦♥
❞+♦✐'❡ ❞✉ ❝②❧✐♥❞+❡✱ ♣✉✐" ❞♦♥♥❡+ "♦♥ ❡①♣+❡""✐♦♥ ❡♥ ❢♦♥❝'✐♦♥ ❞❡" ♣+❡""✐♦♥" ❞✬❡♥'+0❡ Pe ❡' ❞❡ "♦+'✐❡

Ps +❡"♣❡❝'✐✈❡♠❡♥' ❡♥ z = 0 ❡' ❡♥ z = L✳
■♥❞✐❝❛'✐♦♥ ✿ ❆♣+:" ❛✈♦✐+ ❡①♣❧♦✐'0 ❧❡" "②♠0'+✐❡" ❡' ❧❡" ♣+♦♣+✐0'0" ❞❡ ❧✬0❝♦✉❧❡♠❡♥' ♠❡♥'✐♦♥♥0❡" ♣❧✉"

❤❛✉'✱ ✈♦✉" ♣♦✉✈❡③ "♦✐' 0❝+✐+❡ ❧✬0(✉❛'✐♦♥ ❞❡ ◆❛✈✐❡+✲❙'♦❦❡" ❡♥ ❝♦♦+❞♦♥♥0❡" ❝②❧✐♥❞+✐(✉❡"✱ "♦✐' ❢❛✐+❡

✉♥ ❜✐❧❛♥ ❞❡" ❢♦+❝❡" ❛❣✐""❛♥' "✉+ ✉♥ ✈♦❧✉♠❡ ❞✉ ✢✉✐❞❡ ❥✉❞✐❝✐❡✉"❡♠❡♥' ❝❤♦✐"✐✳

✷✽✳ ➱'❛❜❧✐+ ❧✬❡①♣+❡""✐♦♥ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐'❡""❡ ❛✉ ♣♦✐♥'M ❞❡ ❝♦♦+❞♦♥♥0❡" (r, θ, z) ❞❛♥" ❧❡ ✈❛✐""❡❛✉
"❛♥❣✉✐♥✳ W✉✐" ❝❛❧❝✉❧❡+ v✱ ❧❛ ✈✐'❡""❡ ♠♦②❡♥♥❡ ❞✉ ✢✉✐❞❡ ❞❛♥" ❧❡ ✈❛✐""❡❛✉ "❛♥❣✉✐♥✳

✷✾✳ ❉❡ ♠❛♥✐:+❡ ❣0♥0+❛❧❡✱ ♣♦✉+ ✉♥ 0❝♦✉❧❡♠❡♥' ❞❛♥" ✉♥❡ ❝♦♥❞✉✐'❡✱ ♦♥ ❞0✜♥✐' ❧❡ ❢❛❝'❡✉+ ❞❡ ❢+✐❝'✐♦♥

❞❡ ❉❛+❝②✲❲❡✐"❜❛❝❤✱ ξ =
2D

ρv2L
✳

▼♦♥'+❡+ (✉❡ ♣♦✉+ ✉♥ 0❝♦✉❧❡♠❡♥' ❧❛♠✐♥❛✐+❡✱ ❝❡ ❢❛❝'❡✉+ ❞❡ ❢+✐❝'✐♦♥ ❛ ♣♦✉+ ❡①♣+❡""✐♦♥ ✿ ξ =
64

Re
♦Y

✻
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Re ❡!" ❧❡ ♥♦♠❜(❡ ❞❡ ❘❡②♥♦❧❞!✳ ❊♥ ❞.❞✉✐(❡ ❧❛ ✈❛❧❡✉( ❞❡ ❝❡ ❢❛❝"❡✉( ♣♦✉( ✉♥ .❝♦✉❧❡♠❡♥" !❛♥❣✉✐♥

❞❛♥! ✉♥ ❝❛♣✐❧❧❛✐(❡✳ ❈❛❧❝✉❧❡( .❣❛❧❡♠❡♥" ❧❛ ♣❡("❡ ❞❡ ❝❤❛(❣❡ ∆Pcap ❞❛♥! ✉♥ ❝❛♣✐❧❧❛✐(❡ ❧♦♥❣ ❞❡ ✶ ❝♠✳

✸✵✳ ▲❡ ❞✐❛❣(❛♠♠❡ ❞❡ ▼♦♦❞② ✭✜❣✉(❡ ✹✮ (❡♣(.!❡♥"❡ ❧❡ ❢❛❝"❡✉( ❞❡ ❢(✐❝"✐♦♥ ❞❡ ❉❛(❝②✲❲❡✐!❜❛❝❤ ❡♥

❢♦♥❝"✐♦♥ ❞✉ ♥♦♠❜(❡ ❞❡ ❘❡②♥♦❧❞! Re ❡" ❞❡ ❧❛ (✉❣♦!✐". (❡❧❛"✐✈❡ ♣♦✉( ✉♥❡ ❝♦♥❞✉✐"❡ ❞❡ !❡❝"✐♦♥

❝✐(❝✉❧❛✐(❡✳ ❖♥ (❡"(♦✉✈❡ !✉( ❝❡ ❞✐❛❣(❛♠♠❡ ❧❛ (❡❧❛"✐♦♥ ♣♦✉( ❧❡! .❝♦✉❧❡♠❡♥"! ❧❛♠✐♥❛✐(❡! ✿ ξ =
64

Re
✳

❈❡ ❞✐❛❣(❛♠♠❡ ♣❡(♠❡" ♥♦"❛♠♠❡♥" ❞❡ ❝❛❧❝✉❧❡( ❧❡! ♣❡("❡! ❞❡ ❝❤❛(❣❡ ∆P ❛✉ !❡✐♥ ❞✬✉♥❡ ❝♦♥❞✉✐"❡✳ ❊♥

❡✛❡❝"✉❛♥" ✉♥❡ ❤②♣♦"❤G!❡ H ♣(.❝✐!❡(✱ ❞."❡(♠✐♥❡( H ♣❛("✐( ❞✉ ❞✐❛❣(❛♠♠❡ ❧❡ ❝♦❡✣❝✐❡♥" ❞❡ ❢(✐❝"✐♦♥

❞❛♥! ❧❡ ❝❛! ❞❡ ❧✬❛♦("❡✳ ❊♥ ❞.❞✉✐(❡ ❧❛ ♣❡("❡ ❞❡ ❝❤❛(❣❡ ∆Paorte ❡♥ !❛❝❤❛♥" K✉❡ ❧✬❛♦("❡ ♠❡!✉(❡

❡♥✈✐(♦♥ ✶✺ ❝♠✳

❋✐❣✉$❡ ✹ ✕ ❉✐❛❣&❛♠♠❡ ❞❡ ▼♦♦❞②✳

✸✶✳ ❖♥ ❞.✜♥✐" ❧❛ (.!✐!"❛♥❝❡ H ❧✬.❝♦✉❧❡♠❡♥" R ❡♥ (.❣✐♠❡ !"❛"✐♦♥♥❛✐(❡ ♣❛( ❧❛ (❡❧❛"✐♦♥ !✉✐✈❛♥"❡ ✿

R =
∆P

DV

♦M DV ❡!" ❧❡ ❞.❜✐" ✈♦❧✉♠✐K✉❡ ❡" ∆P ❧❛ ♣❡("❡ ❞❡ ❝❤❛(❣❡✳ ❊!"✐♠❡( ❧❛ (.!✐!"❛♥❝❡ H

❧✬.❝♦✉❧❡♠❡♥" ❞✬✉♥ ❝❛♣✐❧❧❛✐(❡ Rcap ❡" ❝❡❧❧❡ ❞❡ ❧✬❛♦("❡ Raorte✳ ❙✐ ❧✬♦♥ !✐♠♣❧✐✜❡ ❧❛ !"(✉❝"✉(❡ !❛♥❣✉✐♥❡

❞✉ ❝♦(♣! ❤✉♠❛✐♥✱ ♦♥ ♣❡✉" ❝♦♥!✐❞.(❡( K✉❡ ❧✬❡♥!❡♠❜❧❡ ❞❡! ✈❛✐!!❡❛✉① ❡!" ❝♦♠♣♦!. ❞❡ ❧✬❛♦("❡ K✉✐ ❞♦✐"

❛❧✐♠❡♥"❡( ✉♥ (.!❡❛✉ ❞❡ N ❝❛♣✐❧❧❛✐(❡! ❡♥ ♣❛(❛❧❧G❧❡✳ ❈♦♠❜✐❡♥ ❢❛✉"✲✐❧ ❛❧♦(! ❞❡ ❝❛♣✐❧❧❛✐(❡! ♣♦✉( K✉❡

❧❛ (.!✐!"❛♥❝❡ H ❧✬.❝♦✉❧❡♠❡♥" ❞❡ ❧✬❡♥!❡♠❜❧❡ ❞❡! ❝❛♣✐❧❧❛✐(❡! !♦✐" .❣❛❧❡ H ❝❡❧❧❡ ❞❡ ❧✬❛♦("❡ ❄

✼
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❋♦"♠✉❧❛✐"❡

❊*✉❛+✐♦♥ ❞❡ ◆❛✈✐❡"✲❙+♦❦❡3 ✿

ρ
(∂−→v

∂t
+ (−→v ·

−−→
❣!❛❞)−→v

)

=
−→
f ext −

−−→
❣!❛❞P + η∆−→v

♦% ρ !❡♣!()❡♥+❡ ❧❛ ♠❛))❡ ✈♦❧✉♠✐1✉❡ ❞✉ ✢✉✐❞❡ ❝♦♥)✐❞(!(✱

−→
f ext ❧❛ ❞❡♥)✐+( ✈♦❧✉♠✐1✉❡ ❞❡ ❢♦!❝❡)

❡①+(!✐❡✉!❡) ❡+ η ❧❛ ✈✐)❝♦)✐+( ❞②♥❛♠✐1✉❡ ❞✉ ✢✉✐❞❡✳

❋♦"♠✉❧❛✐"❡ ♠❛+❤6♠❛+✐*✉❡ ✿

❊♥ ❝♦♦!❞♦♥♥(❡) )♣❤(!✐1✉❡) (r, θ, φ) ❧❡ ▲❛♣❧❛❝✐❡♥ )✬(❝!✐+ ✿

∆U =
1

r

∂2(rU)

∂r2
+

1

r2 sin2 θ

(

sin θ
∂

∂θ

(

sin θ
∂U

∂θ

)

+
∂2U

∂φ2

)

>♦✉! ✉♥❡ ❢♦♥❝+✐♦♥ U 1✉✐ ♥❡ ❞(♣❡♥❞ 1✉❡ ❞❡ ❧❛ ✈❛!✐❛❜❧❡ r ♦♥ ❛ ✿

1

r2
∂

∂r

(

r2
∂U

∂r

)

=
1

r

∂2 (rU)

∂r2

❊♥ ❝♦♦!❞♦♥♥(❡) ❝②❧✐♥❞!✐1✉❡) (r, θ, z) ♣♦✉! ✉♥ ❝❤❛♠♣ ✈❡❝+♦!✐❡❧

−→
A (r, θ, z) = Ar

−→ur + Aθ
−→uθ + Az

−→uz
❧❡) ❡①♣!❡))✐♦♥) ❞❡ ❧❛ ❞✐✈❡!❣❡♥❝❡ ❡+ ❞✉ !♦+❛+✐♦♥♥❡❧ ❞❡ ❝❡ ❝❤❛♠♣ )✬(❝!✐✈❡♥+ ✿

❞✐✈

−→
A =

1

r

∂(rAr)

∂r
+

1

r

∂Aθ

∂θ
+

∂Az

∂z

−→
!♦+

−→
A =

(

1

r

∂Az

∂θ
−

∂Aθ

∂z

)

−→ur +

(

∂Ar

∂z
−

∂Az

∂r

)

−→uθ +

(

1

r

∂(rAθ)

∂r
−

1

r

∂Ar

∂θ

)

−→uz
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