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❊①❡r❝✐❝❡

❈♦♠♠✉t❛♥t ❞✬✉♥❡ ♠❛tr✐❝❡

P♦✉r A ∈ M3(R)✱ ♦♥ ♥♦t❡ C(A) = {M ∈ M3(R)/AM = MA} ❧❡ ❝♦♠♠✉t❛♥t ❞❡ ❧❛ ♠❛tr✐❝❡ A✳

✶✳ ❉é♠♦♥tr❡r q✉❡ ♣♦✉r A ∈ M3(R)✱ C(A) ❡st ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧✳

✷✳ ❉é♠♦♥tr❡r✱ ❡♥ ❞ét❛✐❧❧❛♥t✱ q✉❡ ❧❛ ♠❛tr✐❝❡ A =





1 4 −2
0 6 −3
−1 4 0



 ❡st s❡♠❜❧❛❜❧❡ à ❧❛ ♠❛tr✐❝❡

T =





3 0 0
0 2 1
0 0 2



✳ P♦✉r ❝❡❧❛✱ ♦♥ ❞♦♥♥❡r❛ ✉♥❡ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ q✉❡ ❧✬♦♥ ♥♦t❡r❛ P ✳

✸✳ ❉ét❡r♠✐♥❡r ❧❡ ❝♦♠♠✉t❛♥t C(T ) ❞❡ ❧❛ ♠❛tr✐❝❡ T ✳ ❉ét❡r♠✐♥❡r s❛ ❞✐♠❡♥s✐♦♥✳

✹✳ ❉é♠♦♥tr❡r q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ M 7→ P−1MP ❡st ✉♥ ❛✉t♦♠♦r♣❤✐s♠❡ ❞✬❡s♣❛❝❡s ✈❡❝t♦r✐❡❧s ❞❡
M3(R)✳

◗✉❡ ♣❡✉t✲♦♥ ❡♥ ❞é❞✉✐r❡ ♣♦✉r ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ C(A) ❄

✺✳ ✭❛✮ ❊①✐st❡✲t✲✐❧ ✉♥ ♣♦❧②♥ô♠❡ ❛♥♥✉❧❛t❡✉r ❞❡ A ❞❡ ❞❡❣ré ✐♥❢ér✐❡✉r ♦✉ é❣❛❧ à ✷ ❄

✭❜✮ ❉é♠♦♥tr❡r ❛❧♦rs q✉❡ C(A) = vect {I3, A, A
2} .

✭❝✮ ❊♥ ❞é❞✉✐r❡ q✉❡ C(A) ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦❧②♥ô♠❡s ❡♥ A✳

❈❡ rés✉❧t❛t r❡st❡✲t✲✐❧ ✈r❛✐ ♣♦✉r t♦✉t❡ ♠❛tr✐❝❡ A ∈ M3(R) ❄

Pr♦❜❧è♠❡

■♥é❣❛❧✐tés s✉r ❧❡s ❞ét❡r♠✐♥❛♥ts ❞❡ ♠❛tr✐❝❡s s②♠étr✐q✉❡s

❉❛♥s ❝❡ ♣r♦❜❧è♠❡✱ ♦♥ ♥♦t❡ ♣♦✉r n ❡♥t✐❡r ♥❛t✉r❡❧ ♥♦♥ ♥✉❧ ✿

✕ Sn ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❛tr✐❝❡s s②♠étr✐q✉❡s ❞❡ Mn(R)✱

✕ S+
n ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❛tr✐❝❡s s②♠étr✐q✉❡s ♣♦s✐t✐✈❡s ❞❡ Mn(R)✱

✕ S++
n ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❛tr✐❝❡s s②♠étr✐q✉❡s ❞é✜♥✐❡s ♣♦s✐t✐✈❡s ❞❡ Mn(R)✳

❖♥ ❛❞♠❡t q✉❡ s✐ x1, x2, ..., xn s♦♥t n ré❡❧s ♣♦s✐t✐❢s✱
1

n

n
∑

i=1

xi ≥

(

n
∏

i=1

xi

) 1

n

✳

✶✳ ◗✉❡st✐♦♥ ♣ré❧✐♠✐♥❛✐r❡

❖♥ r❛♣♣❡❧❧❡ q✉✬✉♥❡ ♠❛tr✐❝❡ S ❛♣♣❛rt✐❡♥t à S+
n ✱ s✐ S ❛♣♣❛rt✐❡♥t à Sn ❡t s✐✱ ♣♦✉r t♦✉t❡ ♠❛tr✐❝❡

X ∈ Mn,1(R)✱ ♦♥ ❛ tXSX ≥ 0✳

❉é♠♦♥tr❡r q✉✬✉♥❡ ♠❛tr✐❝❡ S ❞❡ Sn ❡st é❧é♠❡♥t ❞❡ S+
n s✐ ❡t s❡✉❧❡♠❡♥t s✐ t♦✉t❡s ❧❡s ✈❛❧❡✉rs

♣r♦♣r❡s ❞❡ S s♦♥t ♣♦s✐t✐✈❡s✳

✷✴✹
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P❛rt✐❡ ■

✷✳ ❙♦✐t S ∈ S+
n ✳ ❉é♠♦♥tr❡r q✉❡ n

√
detS ≤ 1

n
traceS✳

✸✳ ❆♣♣❧✐❝❛t✐♦♥ ✿ s♦✐t M ∈ Mn(R)✳

✭❛✮ ❉é♠♦♥tr❡r q✉❡ tMM ∈ S+
n ✳

✭❜✮ ❙✐ M = (mi j)✱ ❡♥ ❞é❞✉✐r❡ ❧✬✐♥é❣❛❧✐té (detM)2 ≤
(

1

n

)n
(

n
∑

i=1

n
∑

j=1

m2
i j

)n

✳

P❛rt✐❡ ■■ ✿ ❚❤é♦rè♠❡ ❞❡ ré❞✉❝t✐♦♥ s✐♠✉❧t❛♥é❡

✹✳ ❖♥ s❡ ❞♦♥♥❡ ❞❡✉① ♠❛tr✐❝❡s A ∈ S++
n ❡t B ∈ Sn . ❖♥ ♥♦t❡ B ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ ❞❡ Rn ❡t✱ ❞❛♥s

❝❡tt❡ ❜❛s❡✱ A ❡st ❧❛ ♠❛tr✐❝❡ ❞✬✉♥ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ϕ✳ ❖♥ ♥♦t❡ ❧✬❡s♣❛❝❡ ❡✉❝❧✐❞✐❡♥ E = (Rn✱ϕ✮✳

❙♦✐t B′ ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡ E ❡t R ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ ❞❡ ❧❛ ❜❛s❡ B ✈❡rs ❧❛ ❜❛s❡ B′✳

✭❛✮ ❏✉st✐✜❡r q✉❡ In = tRAR✳

✭❜✮ ❖♥ ♥♦t❡ C = tRBR✱ ❥✉st✐✜❡r q✉✬✐❧ ❡①✐st❡ ✉♥❡ ♠❛tr✐❝❡ ♦rt❤♦❣♦♥❛❧❡ Q ❡t ✉♥❡ ♠❛tr✐❝❡
❞✐❛❣♦♥❛❧❡ D t❡❧❧❡ q✉❡ tQCQ = D.

✭❝✮ ❉ét❡r♠✐♥❡r✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♠❛tr✐❝❡s R ❡t Q✱ ✉♥❡ ♠❛tr✐❝❡ ✐♥✈❡rs✐❜❧❡ P t❡❧❧❡ q✉❡ ✿

A = tPP ❡t B = tPDP ✭t❤é♦rè♠❡ ❞❡ ré❞✉❝t✐♦♥ s✐♠✉❧t❛♥é❡✮

✭❞✮ ❉❛♥s ❝❡tt❡ q✉❡st✐♦♥✱ ♦♥ ♣r❡♥❞ ❧✬❡①❡♠♣❧❡ ❞❡ ❧❛ ♠❛tr✐❝❡ B =

(

1 1
1 1

)

✳

❉é♠♦♥tr❡r q✉✬✉♥❡ ♠❛tr✐❝❡ ✐♥✈❡rs✐❜❧❡ P t❡❧❧❡ q✉❡ ❧❛ ♠❛tr✐❝❡ tPBP s♦✐t ❞✐❛❣♦♥❛❧❡ ♥✬❡st
♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ✉♥❡ ♠❛tr✐❝❡ ♦rt❤♦❣♦♥❛❧❡✳

❖♥ ♣♦✉rr❛✱ ♣❛r ❡①❡♠♣❧❡✱ ✉t✐❧✐s❡r ❧❛ ❢♦r♠❡ q✉❛❞r❛t✐q✉❡ ❝❛♥♦♥✐q✉❡♠❡♥t ❛ss♦❝✐é❡ à ❧❛
♠❛tr✐❝❡ B✳

✺✳ ❉é♠♦♥tr❡r ❧✬✐♥é❣❛❧✐té ✓ det(A+B) ≥ detA+ detB ✔ ❞❛♥s ❧❡s ❞❡✉① ❝❛s s✉✐✈❛♥ts ✿

✭❛✮ A ∈ S++
n ❡t B ∈ S+

n ✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ❞❡ ré❞✉❝t✐♦♥ s✐♠✉❧t❛♥é❡✳ ❖♥ ♣♦✉rr❛

r❡♠❛rq✉❡r ✐❝✐ q✉❡✱ ❛✈❡❝ t♦✉s ❧❡s λi ≥ 0✱
n
∏

i=1

(1 + λi) ≥
(

1 +
n
∏

i=1

λi

)

✳

✭❜✮ A ∈ S+
n ❡t B ∈ S+

n ✱ ❡♥ ❞é♠♦♥tr❛♥t ❞✬❛❜♦r❞ q✉❡ A + B ∈ S+
n ❡t ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡s ❝❛s

♦ù ❧❡s ♠❛tr✐❝❡s s♦♥t ❞❛♥s S+
n s❛♥s êtr❡ ❞❛♥s S++

n ✳

✻✳ ❙♦✐❡♥t A ❡t B ❞❡✉① ♠❛tr✐❝❡s ❞❡ S++
n ❡t t ∈ [0, 1]✳ ❖♥ ♥♦t❡ P ✉♥❡ ♠❛tr✐❝❡ ✐♥✈❡rs✐❜❧❡ ❡t

D = diag(λ1, λ2, · · · , λn) ✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ ❞❛♥s ❧❡ t❤é♦rè♠❡ ❞❡ ré❞✉❝t✐♦♥ s✐♠✉❧t❛♥é❡✳

✭❛✮ ❊①♣r✐♠❡r det(tA+ (1− t)B) ❡♥ ❢♦♥❝t✐♦♥ ❞❡ detP ✱ t ❡t ❧❡s λi✳

✭❜✮ ❊♥ ✉t✐❧✐s❛♥t ❧❛ ❢♦♥❝t✐♦♥ ❧♥✱ ❞é♠♦♥tr❡r q✉❡ ♣♦✉r t♦✉t i ❡♥t✐❡r ❝♦♠♣r✐s ❡♥tr❡ ✶ ❡t n✱
t+ (1− t)λi ≥ λ1−t

i .

✭❝✮ ❉é♠♦♥tr❡r q✉❡ det(tA+ (1− t)B) ≥ (detA)t (detB)1−t✳

✼✳ ❙✐ A ❡st ✉♥❡ ♠❛tr✐❝❡ ❞❡ S++
n ❡t B ✉♥❡ ♠❛tr✐❝❡ ❞❡ S+

n ✱ ♦♥ ❞é♠♦♥tr❡ ❞❡ ♠ê♠❡ ♣❛r ❧❡ t❤é♦rè♠❡
❞❡ ré❞✉❝t✐♦♥ s✐♠✉❧t❛♥é❡ ✭♣❛r ❧❛ ❝♦♥✈❡①✐té ❞❡ ❧❛ ❢♦♥❝t✐♦♥ x 7→ ln(1 + ❡x)✮ ❧❡ rés✉❧t❛t s✉✐✈❛♥t
q✉✐ ❡st ❛❞♠✐s ✿

(det(A+B))
1

n ≥ (detA)
1

n + (detB)
1

n .

✸✴✹
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✭❛✮ ❉é♠♦♥tr❡r q✉❡ S++
n ❡st ❞❡♥s❡ ❞❛♥s S+

n ✳

✭❜✮ ❉é♠♦♥tr❡r ❧✬✐♥é❣❛❧✐té ❝✐✲❞❡ss✉s ♣♦✉r A ❡t B ❞❡✉① ♠❛tr✐❝❡s ❞❡ S+
n ✳

P❛rt✐❡ ■■■ ✿ ❚❤é♦rè♠❡ ❞❡ ❈❤♦❧❡s❦✐

✽✳ ❙✐ A ❡st ✉♥❡ ♠❛tr✐❝❡ ❞❡ S++
n ✱ ✐❧ ❡st ♣♦ss✐❜❧❡✱ ♣❛r ❧❡ ♣r♦❝é❞é ❞✬♦rt❤♦♥♦r♠❛❧✐s❛t✐♦♥ ❞❡ ❙❝❤♠✐❞t✱

❞❡ tr♦✉✈❡r ✉♥❡ ♠❛tr✐❝❡ tr✐❛♥❣✉❧❛✐r❡ s✉♣ér✐❡✉r❡ ✐♥✈❡rs✐❜❧❡ à ❝♦❡✣❝✐❡♥ts ❞✐❛❣♦♥❛✉① ♣♦s✐t✐❢s T ✱
✈ér✐✜❛♥t A = tT T ✭❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❈❤♦❧❡s❦✐✮✳

❖♥ ♥❡ ❞❡♠❛♥❞❡ ♣❛s ❞❡ ♣r♦✉✈❡r ❝❡ rés✉❧t❛t✳

✭❛✮ ❖♥ s❡ ♣r♦♣♦s❡ ❞❡ ❞é♠♦♥tr❡r q✉❡ ❝❡tt❡ ♠❛tr✐❝❡ T ❡st ✉♥✐q✉❡✳

❙✐ ♦♥ ♣♦s❡ A = tT1T1 =
tT2T2✱ ❞é♠♦♥tr❡r q✉❡ T1T

−1

2 = In ❡t ❝♦♥❝❧✉r❡✳

❖♥ ♣♦✉rr❛ ❛❞♠❡ttr❡ q✉❡ s✐ T ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❛tr✐❝❡s tr✐❛♥❣✉❧❛✐r❡s s✉♣ér✐❡✉r❡s
✐♥✈❡rs✐❜❧❡s ❞❡ Mn(R)✱ (T , ✳✮ ❡st ✉♥ ❣r♦✉♣❡✳

✭❜✮ ❊①❡♠♣❧❡ ✿ s✐ A = (ai j)✱ ♦ù ♣♦✉r t♦✉t ❝♦✉♣❧❡ (i, j) ❞✬❡♥t✐❡rs ❝♦♠♣r✐s ❡♥tr❡ ✶ ❡t n✱
ai j = min(i, j)✱ ❞♦♥♥❡r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❈❤♦❧❡s❦✐ ❞❡ ❧❛ ♠❛tr✐❝❡ A✳

❖♥ ♥❡ ❞❡♠❛♥❞❡ ♣❛s ❞❡ ✈ér✐✜❡r q✉❡ A ❡st ✉♥❡ ♠❛tr✐❝❡ ❞❡ S++
n ✳

✾✳ ❯♥ ♣❡✉ ❞✬✐♥❢♦r♠❛t✐q✉❡

P♦✉r ✉♥❡ ♠❛tr✐❝❡ A ❞❡ S++

3 , é❝r✐r❡ ✉♥ ❛❧❣♦r✐t❤♠❡ ❡♥ ❢r❛♥ç❛✐s ♣❡r♠❡tt❛♥t ❞❡ tr♦✉✈❡r ❧❛ ♠❛tr✐❝❡
T ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❈❤♦❧❡s❦✐✳

❊♥tr❡r ❝❡t ❛❧❣♦r✐t❤♠❡ ❞❛♥s ❧❛ ❝❛❧❝✉❧❛tr✐❝❡ ✭♦♥ ♥❡ ❞❡♠❛♥❞❡ ♣❛s ❧❡ ♣r♦❣r❛♠♠❡ s✉r ❧❛ ❝♦♣✐❡✮
♣✉✐s✱ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ❝❛s s✉✐✈❛♥ts✱ ❞♦♥♥❡r ❧❛ ♠❛tr✐❝❡ T ✿

A1 =





49 14 −14
14 20 −8
−14 −8 21



 , A2 =





1 0 1

2

0 1

2
0

1

2
0 3

4



 ,

A3 =





1 0 −2
0 1 −1
−2 −1 6



 ❡t A4 =





1 2 3
2 20 26
3 26 70



 .

✶✵✳ ■♥é❣❛❧✐té ❞✬❍❛❞❛♠❛r❞

✭❛✮ ❙♦✐t S = (si j) ∈ S++
n ✱ ❞é♠♦♥tr❡r q✉❡ detS ≤

n
∏

i=1

si i .

✭❜✮ ❆♣♣❧✐❝❛t✐♦♥ ✿ ❞é♠♦♥tr❡r q✉❡ ♣♦✉r t♦✉t❡ ♠❛tr✐❝❡ ✐♥✈❡rs✐❜❧❡ M ∈ Mn(R)✱ M = (ai j)✱

|detM | ≤

(

n
∏

i=1

(

n
∑

k=1

a2k i

)) 1

2

✳

❋✐♥ ❞❡ ❧✬é♥♦♥❝é

✹✴✹
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