
CCP Physique PC 2015 — Énoncé 1/15

SESSION 2015                          PCPH003            

�

�

�

EPREUVE SPECIFIQUE - FILIERE PC�

���������������������

�

PHYSIQUE 

 
Durée : 4 heures�

���������������������
 

 

N.B. : le candidat attachera la plus grande importance à la clarté, à la précision et à la concision de 

la rédaction. Si un candidat est amené à repérer ce qui peut lui sembler être une erreur d�énoncé, il le 

signalera sur sa copie et devra poursuivre sa composition en expliquant les raisons des initiatives 

qu�il a été amené à prendre.�
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/HV�WURLV�SUREOqPHV�VRQW�LQGpSHQGDQWV���

/HXUV�SRLGV�UHVSHFWLIV�VRQW�DSSUR[LPDWLYHPHQW�GH������������HW�������

352%/(0(�$���(/(0(176�'(�7+(502+<'5$8/,48(�

&H�SUREOqPH�D�SRXU�REMHFWLI�G¶pWXGLHU�GHV�DVSHFWV�GH�WKHUPRK\GUDXOLTXH�GX�FRPEXVWLEOH�QXFOpDLUH�

GHV�UpDFWHXUV�QXFOpDLUHV�j�HDX�SUHVVXULVpH��5(3���/HV�5(3�H[SORLWHQW�O¶pQHUJLH�OLEpUpH�SDU�OD�ILVVLRQ�

GH� QR\DX[� G¶XUDQLXP� ���� SURYRTXpH� SDU� GHV� IOX[� GH� QHXWURQV� SRXU� FKDXIIHU� O¶HDX� G¶XQ� SUHPLHU�

FLUFXLW��DSSHOp�FLUFXLW�SULPDLUH��/H�FRPEXVWLEOH�QXFOpDLUH�HVW�OH�VLqJH�GHV�UpDFWLRQV�GH�ILVVLRQ��,O�HVW�

FRQILQp� GDQV� GHV� JDLQHV�PpWDOOLTXHV��/D� IRUPH� FKLPLTXH� GH� O¶XUDQLXP� TXL� D� pWp� UHWHQXH� SRXU� OH�

FRPEXVWLEOH� GHV� 5(3� HVW� O¶R[\GH� 82��� TXL� HVW� SOXV� VWDEOH� FKLPLTXHPHQW� DYHF� O¶HDX�� HQ� FDV� GH�

UXSWXUH�GH�OD�JDLQH���

6L� OH� FRPEXVWLEOH� QXFOpDLUH� SRVVqGH� JpQpUDOHPHQW� XQH� JpRPpWULH� F\OLQGULTXH�� LO� SHXW� rWUH�

SDUDOOpOLSpGLTXH� FRPPH�GDQV� OH�SUpVHQW�SUREOqPH�� LO� HVW� DORUV�TXDOLILp�GH� FRPEXVWLEOH� ©�SODTXH�ª��

3RXU�OLPLWHU�OHV�WHPSpUDWXUHV�GH�OD�JDLQH�HW�GH�O¶82���LO�IDXW�PDLQWHQLU�XQH�FLUFXODWLRQ�PLQLPDOH�GH�

O¶HDX�GX�FLUFXLW�SULPDLUH��&H�GpELW�GpSHQG�GLUHFWHPHQW�GHV�SHUWHV�GH�SUHVVLRQ�GXHV�j�OD�FLUFXODWLRQ�

GX�IOXLGH��

'DQV�XQH�SUHPLqUH�SDUWLH��QRXV�DOORQV�pWXGLHU�OD�WKHUPLTXH�VLPSOLILpH�G¶XQH�SODTXH�GH�FRPEXVWLEOH�

QXFOpDLUH�VDQV�VD�JDLQH��/D�GHX[LqPH�SDUWLH�FRQGXLW�j�O¶pODERUDWLRQ�GX�SURILO�UDGLDO�GH�WHPSpUDWXUH�

GX�FRPEXVWLEOH�DYHF�VD�JDLQH��/D�WURLVLqPH�SDUWLH�SHUPHW�O¶pYDOXDWLRQ�GHV�SHUWHV�GH�SUHVVLRQ��FH�TXL�

IL[H�XQH�SUHPLqUH�FRQWUDLQWH�TXDQW�DX�GLPHQVLRQQHPHQW�GH�OD�SRPSH�DVVRFLpH�DX�FLUFXLW�SULPDLUH���

/HV� WURLV� SDUWLHV� $���� $��� �j� O¶H[FHSWLRQ� GH� OD� TXHVWLRQ� $����� OLpH� j� OD� SDUWLH� $���� HW� $��� VRQW�

LQGpSHQGDQWHV��

/HV�FDOFXODWULFHV�VRQW�DXWRULVpHV�
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$����7KHUPLTXH��VLPSOLILpH��G¶XQH�SODTXH�GH�FRPEXVWLEOH�QXFOpDLUH�VDQV�OD�JDLQH�

6RLW� XQH� SODTXH� GH� FRPEXVWLEOH� QXFOpDLUH� GDQV� ODTXHOOH� GHV� UpDFWLRQV� QXFOpDLUHV�� UpSDUWLHV�

XQLIRUPpPHQW��GpJDJHQW�XQH�SXLVVDQFH�WKHUPLTXH�YROXPLTXH� 9ϕ �FRQVWDQWH�� 9ϕ = �����:�FP
��
�HVW�OD�

SXLVVDQFH�WKHUPLTXH�SURGXLWH�SDU�XQLWp�GH�YROXPH�GH�FRPEXVWLEOH��&HWWH�SODTXH�SDUDOOpOLSpGLTXH�HVW�

G¶pSDLVVHXU� � ���H⋅ = �PP��GH�ODUJHXU�O� �����FP�HW�GH�KDXWHXU�+� �����P��ILJXUH������

/H� FRPEXVWLEOH� QXFOpDLUH� HVW� XQ� FRUSV� VROLGH� KRPRJqQH� GH� PDVVH� YROXPLTXH� ρ�� GH� FDSDFLWp�
WKHUPLTXH�PDVVLTXH�F�HW�GH�FRQGXFWLYLWp�WKHUPLTXH��� ������:�P

��
�.

��
��1RXV�VXSSRVHURQV�TXH�ρ���

HW� F� VRQW� LQGpSHQGDQWV� GH� OD� WHPSpUDWXUH�� 'DQV� WRXW� FH� SUREOqPH�� RQ� VH� SODFHUD� HQ� UpJLPH�

SHUPDQHQW��GDQV�OH�SODQ��[2]��HW�j�XQH�FRWH�]�IL[H�SRXU�pWDEOLU�OHV�SURILOV�GH�WHPSpUDWXUH� ( )7 [ �VHORQ�

O¶D[H�GHV�[��2Q�VXSSRVH�TX¶LO�Q¶\�D�SDV�G¶pFKDQJH�G¶pQHUJLH�DXWUH�TXH�SDU�FRQGXFWLRQ�HW� VHORQ� OD�

GLUHFWLRQ�[��'DQV�FHV�FRQGLWLRQV�� OD�SODTXH�HVW�UpIULJpUpH�j�JDXFKH�SDU�XQ�IOXLGH���TXL� LPSRVH�XQH�

WHPSpUDWXUH�GH�SDURL� ( )�7 7 [ H= = − �HW�j�GURLWH�SDU�XQ�IOXLGH���TXL�LPSRVH�XQH�WHPSpUDWXUH�GH�SDURL�

( )�7 7 [ H= = ���

2Q�UDSSHOOH�TXH�O¶H[SUHVVLRQ�JpQpUDOH�GH�O¶pTXDWLRQ�GH�OD�FKDOHXU�V¶pFULW�� �9

7
F 7

W
ρ ϕ λ

∂
⋅ ⋅ = + ⋅ ∆

∂
�R��

∆7�UHSUpVHQWH�OH�ODSODFLHQ�GH�OD�WHPSpUDWXUH�7��(Q�FRRUGRQQpHV�FDUWpVLHQQHV��O¶RSpUDWHXU�ODSODFLHQ�

∆7�D�SRXU�H[SUHVVLRQ���
� � �

� � �

7 7 7
7

[ \ ]

∂ ∂ ∂
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∂ ∂ ∂
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$������ 'RQQHU� O¶H[SUHVVLRQ� OLWWpUDOH� GH� OD� SXLVVDQFH� WKHUPLTXH� WK3 � SURGXLWH� GDQV� OH� FRPEXVWLEOH��

SXLV�FDOFXOHU�VD�YDOHXU��

$������ 'RQQHU� O¶H[SUHVVLRQ� OLWWpUDOH� GH� ( )7 [ � HQ� IRQFWLRQ� GH� 9ϕ �� �7 �� �7 �� H� HW� λ�� (Q� GpGXLUH�

O¶H[SUHVVLRQ�OLWWpUDOH�GH� PD[[ ��YDOHXU�GH�[�SRXU�ODTXHOOH�OD�WHPSpUDWXUH�HVW�PD[LPDOH��DLQVL�TXH�FHWWH�

GHUQLqUH�� PD[7 ��HQ�IRQFWLRQ�GH� 9ϕ �� �7 �� �7 ��H�HW�λ��

)LJXUH�����SODTXH�GH�FRPEXVWLEOH�QXFOpDLUH�VDQV�JDLQH�DYHF�VRQ�UHIURLGLVVHPHQW�

$[H�[

$[H�]

$[H�\

2�

O

)OXLGH���)OXLGH���

$[H�]

$[H�[
[� ���H[� ���H

��H

+

82�
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$������'DQV�OH�FDV�R�� � �7 7= = ����.��FDOFXOHU�OHV�YDOHXUV�GH� PD[[ �HW� PD[7 ��SXLV�WUDFHU�OH�SURILO�GH�

WHPSpUDWXUH� ( )7 [ �GDQV�OD�SODTXH���

$������'DQV�OH�FDV�R�� � ���7 = �.�HW� �7 = ����.��FDOFXOHU�OHV�YDOHXUV�GH� PD[[ �HW� PD[7 ��SXLV�WUDFHU�OH�

SURILO�GH�WHPSpUDWXUH� ( )7 [ �GDQV�OD�SODTXH���

2Q� FRQVLGqUH� TXH� OHV� IOXLGHV� GH� UHIURLGLVVHPHQW� DUULYHQW� j� OD� PrPH� WHPSpUDWXUH� HW� j� OD� PrPH�

SUHVVLRQ� HQ� EDV� GH� OD� SODTXH� FRPEXVWLEOH� �]�  � ��� PDLV� SRVVqGHQW� GHV� YLWHVVHV� G¶pFRXOHPHQW�

GLIIpUHQWHV��� �Y �SRXU�OH�IOXLGH���HW� �Y �SRXU�OH�IOXLGH�����

(Q�MXVWLILDQW�YRWUH�UpSRQVH��GLUH�OHTXHO�GH�FHV�GHX[�IOXLGHV�SRVVqGH�OD�YLWHVVH�G¶pFRXOHPHQW�OD�SOXV�

pOHYpH�SRXU�DYRLU� � �7 7> ��

$����3URILOV�GH�WHPSpUDWXUH��

$������2Q�FRQVLGqUH�XQ�VROLGH�IRUPp�GH�GHX[�SDUWLHV�SDUDOOpOLSpGLTXHV�GLVWLQFWHV�$�HW�%��GH�PrPH�

KDXWHXU�+�� GH� PrPH� ODUJHXU� O�� PDLV� G¶pSDLVVHXUV� GLIIpUHQWHV�� UHVSHFWLYHPHQW� H�� HW� H�� �ILJXUH� ����

/HXUV� SURSULpWpV� SK\VLTXHV� VRQW� KRPRJqQHV�PDLV� GLIIpUHQWHV��2Q� OHXU� DVVRFLH� UHVSHFWLYHPHQW� OHV�

FRQGXFWLYLWpV� WKHUPLTXHV��$� HW��%�� ,O�Q¶\� D�DXFXQ�GpJDJHPHQW�GH�SXLVVDQFH�GDQV�FHV�GHX[�VROLGHV�

TXL�� SDU� DLOOHXUV�� VRQW� UHOLpV� VDQV� UpVLVWDQFH� WKHUPLTXH�� /HV� WHPSpUDWXUHV� ( )� �7 7 [= = � HW�

( )� � �7 7 [ H H= = + �VRQW�IL[pHV���

2Q� VXSSRVH�TX¶LO� Q¶\� D�SDV�G¶pFKDQJH�G¶pQHUJLH� DXWUH�TXH�SDU� FRQGXFWLRQ�HW� VHORQ� OD�GLUHFWLRQ�[��

'pWHUPLQHU�� HQ� OH� MXVWLILDQW�� VL�FKDFXQ�GHV�TXDWUH�SURILOV�GH� WHPSpUDWXUH� ( )7 [ �SURSRVpV� �ILJXUH����

SDJH� VXLYDQWH�� HVW�� HQ� UpJLPH� SHUPDQHQW�� SRVVLEOH� RX� QRQ�� 3RXU� OH� RX� OHV� SURILOV� SRVVLEOHV�� YRXV�

SUpFLVHUH]�OH�VHQV�GX�YHFWHXU�GHQVLWp�GH�IOX[�WKHUPLTXH�DLQVL�TXH�OD�RX�OHV�YDOHXUV�GH�OD�WHPSpUDWXUH�

HQ� �[ H= �HQ�IRQFWLRQ�GH��$���%�� �H �� �H �� �7 �HW� �7 ��

$[H�]

$[H�[
[� �H�[� ���

+

[� �H����H�

H�H�

$� %�

)LJXUH�����VROLGH�FRPSRVp�GH�GHX[�SDUWLHV�$�HW�%�
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$������5HSUpVHQWHU��VFKpPDWLTXHPHQW��OH�SURILO�GH�WHPSpUDWXUH�UDGLDO�7�[��HQ�UpJLPH�SHUPDQHQW��j�]

IL[p�HW�FRPSULV�HQWUH���HW�+��GDQV� OD�JDLQH�HW�GDQV� OH�FRPEXVWLEOH�82��G¶XQH�SODTXH�FRPEXVWLEOH�

JDLQpH��ILJXUH�����/H�IOXLGH�GH�UHIURLGLVVHPHQW�DUULYH��GH�SDUW�HW�G¶DXWUH�GX�FRPEXVWLEOH�SODTXH��j�OD�

PrPH� WHPSpUDWXUH� HW� j� OD�PrPH� SUHVVLRQ� HQ� EDV� GH� OD� SODTXH� FRPEXVWLEOH� �]�  � ��� HW� SRVVqGH� OD�

PrPH�YLWHVVH�G¶pFRXOHPHQW��,O�Q¶\�D�SDV�GH�ILVVLRQ�GDQV�OD�JDLQH��/¶82��HW�OD�JDLQH�VRQW�UHOLpV�VDQV�

UpVLVWDQFH�WKHUPLTXH��

)LJXUH�����pOpPHQW�FRPEXVWLEOH�SODTXH�DYHF�VD�JDLQH

$[H�[

]� �+

]� ���
�

$[H�]

*DLQH� *DLQH�

)OXLGH�GH��

UHIURLGLVVHPHQW

)OXLGH�GH��

UHIURLGLVVHPHQW

82�

)LJXUH�����SURILOV�GH�WHPSpUDWXUH�GDQV�XQ�VROLGH�FRPSRVp�GH�GHX[�SDUWLHV�$�HW�%�

( )7 [ ���SURILO�Q���

[

H��� H����H�

�7

�7

�7

�7

[

H��� H����H�

�7
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� %7

( )7 [ ���SURILO�Q���
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�7

�7

( )7 [ ���SURILO�Q���
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( )7 [ ���SURILO�Q���
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$����3HUWHV�GH�SUHVVLRQ�GDQV�XQH�FRQGXLWH�

/H�FRPEXVWLEOH�QXFOpDLUH�� LVROp�SDU�VD�JDLQH��HVW� UpIULJpUp�SDU�XQH�FLUFXODWLRQ�G¶HDX�DSSHOpH�©�HDX�

SULPDLUH�ª��&HWWH�HDX�V¶pFRXOH�GH�IDoRQ�XQLGLPHQVLRQQHOOH�DVFHQGDQWH�GDQV�XQH�FRQGXLWH�GH�VHFWLRQ�

UHFWDQJXODLUH� HW� FRQVWDQWH�� GH� VXUIDFH� 6�� GH� ODUJHXU� O�  � ���� FP� pJDOH� j� OD� ODUJHXU� GH� OD� SODTXH�

FRPEXVWLEOH�HW�G¶pSDLVVHXU�G� �����PP��ILJXUH�����&HWWH�FRQGXLWH�HVW�DXVVL�DSSHOpH�FDQDO��$X�FRXUV�

GH�VRQ�SDUFRXUV�GDQV�OH�FDQDO��O¶HDX�SULPDLUH�HVW�FKDXIIpH�j�SXLVVDQFH�FRQVWDQWH�VXU�WRXWH�OD�KDXWHXU�

+� �����P�GH�OD�FRQGXLWH���

/D�SUHVVLRQ�HQ�VRUWLH�GH�OD�FRQGXLWH��]� �+��HVW�PDLQWHQXH�FRQVWDQWH�j������03D��

/HV�FDUDFWpULVWLTXHV�GX�IOXLGH�HQ�HQWUpH�HQ�]� ���VRQW���WHPSpUDWXUH�
H
7 = �����.��HQWKDOSLH�PDVVLTXH�

H
K = ����N-�NJ����PDVVH�YROXPLTXH�

H
ρ = ����NJ�P��

��YLVFRVLWp�G\QDPLTXH�
H

µ = ����������3D�V��

/HV� SURSULpWpV� SK\VLTXHV� GH� O¶HDX� j� ����� 03D� VRQW��� WHPSpUDWXUH� GH� VDWXUDWLRQ�
VDW
7 = � ���� .��

HQWKDOSLH�PDVVLTXH� j� O¶pWDW� GH� OLTXLGH� VDWXUDQW� 

K = �� ���� N-�NJ���� HQWKDOSLH� PDVVLTXH� j� O¶pWDW� GH�

YDSHXU�VDWXUDQWH� 
 

K = �������N-�NJ����

3RXU�OHV�TXHVWLRQV�$�������$������HW�$�������RQ�FRQVLGpUHUD�OD�SUHVVLRQ�GH�O¶HDX�SULPDLUH�FRQVWDQWH�j�

�����03D�GDQV�WRXWH�OD�FRQGXLWH��

$������2Q�UDSSHOOH�TXH�O¶pTXDWLRQ�ORFDOH�GH�FRQVHUYDWLRQ�GH�OD�PDVVH�GDQV�XQ�PLOLHX�VDQV�VRXUFH�QL�

SXLWV�V¶pFULW���
( )

( ) ( )( )
�

� � �
0 W

GLY 0 W Y 0 W
W

ρ
ρ

∂
+ ⋅ =

∂

G

�DYHF� ( )�0 Wρ �OD�PDVVH�YROXPLTXH�GX�IOXLGH�HQ�

XQ�SRLQW�0�HW�j�XQ�LQVWDQW�W�GRQQp�� ( )�Y 0 W
G

�OH�YHFWHXU�YLWHVVH�GX�IOXLGH�HQ�XQ�SRLQW�0�GH�OD�FRQGXLWH�

HW� j� XQ� LQVWDQW� W� GRQQp�� 2Q� FRQVLGqUH� XQ� IOXLGH� PRQRSKDVLTXH� OLTXLGH� TXL� V¶pFRXOH� GH� IDoRQ�

DVFHQGDQWH�VHORQ�O¶D[H�GHV�]��,O�SRVVqGH��j�OD�FRWH�]��XQH�PDVVH�YROXPLTXH� ( )]ρ �HW�XQH�YLWHVVH� ( )Y ]

�ILJXUH������

)LJXUH�����IOXLGH�GDQV�XQH�FRQGXLWH�GH�VHFWLRQ�UHFWDQJXODLUH�

$[H�]�

]� �+

]� ���

$[H�]�

G

+

O
6HFWLRQ�GH�

SDVVDJH� 6 O G= ⋅

*DLQH

82�

)OXLGH�

SULPDLUH��+�2��
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0RQWUHU�TXH��ORUVTXH�O¶pFRXOHPHQW�HVW�HQ�UpJLPH�SHUPDQHQW��OD�YLWHVVH�PDVVLTXH� ( ) ( ) ( )* ] ] Y ]ρ= ⋅

HW� OH� GpELW�PDVVLTXH� ( ) ( ) ( )P
' ] ] 6 Y ]ρ= ⋅ ⋅ � VRQW� LQGpSHQGDQWV� GH� OD� FRWH� ]�� ,OV� VHURQW� GpVRUPDLV�

QRWpV�UHVSHFWLYHPHQW�* �HW�
P
' ��

$������2Q�FRQVLGqUH�FRPPH�V\VWqPH�XQ�YROXPH�GH�FRQGXLWH�IL[H�G9��GH�VHFWLRQ�FRQVWDQWH�6��ILJXUH�

����SDUFRXUX��GH�IDoRQ�DVFHQGDQWH��SDU�XQ�IOXLGH��/H�IOXLGH�HQWUH�GDQV�OH�YROXPH�G9�j�OD�FRWH�]��j�OD�

SUHVVLRQ� ( )3 ] ��DYHF�XQH�YLWHVVH� ( )Y ] �HW�XQH�HQWKDOSLH�PDVVLTXH� ( )K ] ��LO�HQ�VRUW�j�OD�FRWH� ] G]+ ��j�

OD�SUHVVLRQ� ( )3 ] G]+ ��DYHF�XQH�YLWHVVH� ( )Y ] G]+ HW�XQH�HQWKDOSLH�PDVVLTXH� ( )K ] G]+ ���

/H�ELODQ�GH�FRQVHUYDWLRQ�GH�O¶pQHUJLH�LQWHUQH�HIIHFWXp�VXU�OH�YROXPH� G9 6 G]= ⋅ �SHUPHW�G¶REWHQLU��

SRXU�XQ�IOXLGH�QRQ�YLVTXHX[��OD�UHODWLRQ��
( )

( ) ( )P P /

X
6 G] ' K ] ' K ] G] G]

W
ϕ

∂
⋅ ⋅ = ⋅ − ⋅ + + ⋅

∂
�R��

/
ϕ �HVW�

OD�SXLVVDQFH�WKHUPLTXH�pFKDQJpH�SDU�XQLWp�GH�ORQJXHXU��VXSSRVpH�LFL�LQGpSHQGDQWH�GH�]��
P
' �HVW�OH�

GpELW�PDVVLTXH�HW�X �OD�GHQVLWp�YROXPLTXH�G¶pQHUJLH�LQWHUQH�GX�IOXLGH��

0RQWUHU� TX¶HQ� UpJLPH�SHUPDQHQW� FHWWH� UHODWLRQ� VH� WUDGXLW� SDU���
( )

P /

GK ]
'

G]
ϕ⋅ = ��'pWHUPLQHU� DORUV�

O¶H[SUHVVLRQ�OLWWpUDOH�GH�O¶HQWKDOSLH�PDVVLTXH�GX�IOXLGH�j�OD�VRUWLH�GH�OD�FRQGXLWH� ( )V
K K ] += = �HQ�

IRQFWLRQ� GH���
H
K ��

/
ϕ �� + � HW�

P
' �� 2Q� GRQQH�

/
ϕ = ���� N:�P����

P
' = � ����� NJ�V��� HW� + = � ���� P��

FDOFXOHU� OD� YDOHXU� GH�
V
K �� 4X¶HQ� FRQFOXH]�YRXV�"� &DOFXOHU� OD� FRWH�

HE
] � GH� WUDQVLWLRQ�

PRQRSKDVLTXH�GLSKDVLTXH�GLWH�FRWH�G¶pEXOOLWLRQ���

3RXU� OD� VXLWH� GX� SUREOqPH�� DILQ� GH� JDUDQWLU� XQ� pFRXOHPHQW� PRQRSKDVLTXH� OLTXLGH�� QRXV�

FRQVLGpUHURQV�GpVRUPDLV�XQ�GpELW�PDVVLTXH�GH���NJ�V
��
��'DQV�FHV�FRQGLWLRQV��OD�PDVVH�YROXPLTXH�GX�

IOXLGH�HQ�VRUWLH�GH�FRQGXLWH�
V

ρ �VHUD�pJDOH�j�����NJ�P����

$������9pULILHU��TX¶DYHF�FHV�QRXYHOOHV�FRQGLWLRQV��O¶pFRXOHPHQW�GHPHXUH�PRQRSKDVLTXH�OLTXLGH��

)LJXUH�����YROXPH�GH�FRQGXLWH�IL[H��

WUDYHUVp�GH�IDoRQ�DVFHQGDQWH�SDU�OH�IOXLGH��

$[H�]�
)OXLGH�

6\VWqPH���YROXPH��

GH�FRQGXLWH�IL[H�G9

&RPEXVWLEOH�

SODTXH�DYHF�

VD�JDLQH�

] G]+

]��
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�����

$������8Q�ELODQ�GH� FRQVHUYDWLRQ�GH�TXDQWLWp�GH�PRXYHPHQW�� SURMHWp� VXU� O¶D[H� ]� HW� HIIHFWXp� VXU� OH�

V\VWqPH�G9�GpFULW�SUpFpGHPPHQW��SHUPHW�G¶REWHQLU��SRXU�XQ�IOXLGH�PRQRSKDVLTXH�QRQ�YLVTXHX[��OD�

UHODWLRQ���

( )
( ) ( )( ) ( ) ( )( ) ( ) ( ) ( )

� �P Y
] 6 Y ] ] G] 6 Y ] G] 3 ] 6 3 ] G] 6 ] J 6 G]

W
ρ ρ ρ

∂ ⋅
= ⋅ ⋅ − + ⋅ ⋅ + + ⋅ − + ⋅ − ⋅ ⋅ ⋅

∂
��

&RPPHQW� HVW� HQFRUH� DSSHOp� FH� ELODQ� GH� FRQVHUYDWLRQ� GH� TXDQWLWp� GH� PRXYHPHQW� HQ� PpFDQLTXH�

ORUVTXH�OD�PDVVH�YROXPLTXH�ρ�HVW�FRQVWDQWH�"�,GHQWLILHU�OHV�GLIIpUHQWV�WHUPHV�GH�OD�UHODWLRQ�FL�GHVVXV���

0RQWUHU�TX¶HQ�UpJLPH�VWDWLRQQDLUH�QRXV�REWHQRQV�OD�UHODWLRQ����

( )( ) ( ) ( )( )( )
( )

�

G ] Y ]G 3 ]
] J

G] G]

ρ
ρ

⋅
= − − ⋅ ��

$������ /HV� TXDQWLWpV�
( )( )( )�� �V

H

]

]

G ] Y ]
G]

G]

ρ ⋅
− ⋅³ � HW� � �

V

H

]

]

] J G]ρ− ⋅ ⋅³ � UHSUpVHQWHQW� UHVSHFWLYHPHQW� OHV�

SHUWHV�GH�SUHVVLRQ�GLWHV�SDU�DFFpOpUDWLRQ� DFF3∆ �HW�OHV�SHUWHV�GH�SUHVVLRQ�GLWHV�SDU�JUDYLWp� JUDY3∆ ��'DQV�

OH�FDV�JpQpUDO�G¶XQ�IOXLGH�YLVTXHX[��GHV�IURWWHPHQWV�GRLYHQW�rWUH�SULV�HQ�FRPSWH�HW�VH�WUDGXLVHQW�SDU�

GHV� SHUWHV� GH� SUHVVLRQ� GLWHV� SDU� IURWWHPHQW�
( )

�

�
IURWW

+

V

H

]

]

* I
3 G]

' ]ρ

⋅
∆ = − ⋅

⋅ ⋅³ �� &HV� GHUQLqUHV� IRQW�

LQWHUYHQLU�SOXVLHXUV�SDUDPqWUHV�GRQW�OH�GLDPqWUH�K\GUDXOLTXH�
�

+

P

6
'

3

⋅
= ��DYHF�OD�VHFWLRQ�GH�SDVVDJH�

6 �TXL�FRUUHVSRQG�j� OD� VHFWLRQ�j� WUDYHUV� ODTXHOOH� OH� IOXLGH�SHXW� V¶pFRXOHU� HW� �P3 O= ⋅ � OH�SpULPqWUH�

PRXLOOp�TXL�FRUUHVSRQG�DX�SpULPqWUH�GHV�SDURLV� VROLGHV�GH� OD�VHFWLRQ�HQ�FRQWDFW�DYHF� OH� IOXLGH��/H�

FRHIILFLHQW� I� HVW� XQ� IDFWHXU�GH� IURWWHPHQW� VDQV�GLPHQVLRQ� UHOLp� DX�QRPEUH�GH�5H\QROGV�5H�� SDU� OD�

UHODWLRQ�GH�3RLVHXLOOH���
��

I
5H

= �SRXU� � ���5H < �RX�SDU�OD�UHODWLRQ�GH�%ODVLXV��� ���������I 5H−= ⋅

SRXU� � ���5H > ��

$�����D�� 2Q� QRWH� ( )V V3 3 ] ] += = = � OD� SUHVVLRQ� GX� IOXLGH� j� OD� VRUWLH� GH� OD� FRQGXLWH� HW�

( )�H H3 3 ] ]= = = �OD�SUHVVLRQ�GX�IOXLGH�j�O¶HQWUpH�GH�OD�FRQGXLWH��([SULPHU�OD�SHUWH�GH�FKDUJH�WRWDOH�

V H3 3 3∆ = − �HQ�IRQFWLRQ�GH� DFF3∆ �� JUDY3∆ �HW� IURWW3∆ ��

$�����E��&DOFXOHU��GDQV�XQ�SUHPLHU�WHPSV��OD�YDOHXU�GH�OD�YLWHVVH�PDVVLTXH�*��SXLV�pYDOXHU�OD�YDOHXU�

GHV�SHUWHV�SDU�DFFpOpUDWLRQ� DFF3∆ ��

$�����F��3RXU�FDOFXOHU� OHV�SHUWHV�GH�FKDUJH�SDU�JUDYLWp��RQ�GpILQLW�XQH�PDVVH�YROXPLTXH�PR\HQQH�

�

H Vρ ρ
ρ

+
= �HW�RQ�FRQVLGqUH�DORUV�TXH� JUDY

V

H

]

]

3 J G]ρ∆ = − ⋅ ⋅³ ��(YDOXHU� JUDY3∆ ��

$�����G��/¶H[SUHVVLRQ�GX�QRPEUH�GH�5H\QROGV�HVW� +Y '
5H

ρ

µ

⋅ ⋅
= �R�� µ �HVW�OD�YLVFRVLWp�G\QDPLTXH�

GX�IOXLGH��4XH�UHSUpVHQWH�SK\VLTXHPHQW�FH�QRPEUH�DGLPHQVLRQQHO�"�&DOFXOHU�VD�YDOHXU�HQ�HQWUpH�GH�

FRQGXLWH�SXLV�OD�YDOHXU�GX�IDFWHXU�GH�IURWWHPHQW�I�DVVRFLp���
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�����

3RXU�OD�VXLWH�GX�SUREOqPH��QRXV�FRQVLGpUHURQV�XQ�IDFWHXU�GH�IURWWHPHQW�I�FRQVWDQW�WRXW�OH�ORQJ�GH�OD�

FRQGXLWH�HW�pJDO�j���������

&DOFXOHU�DORUV� OHV�SHUWHV�GH�FKDUJH�SDU� IURWWHPHQW�HQ�FRQVLGpUDQW�pJDOHPHQW�XQH�PDVVH�YROXPLTXH�

PR\HQQH�
�

H Vρ ρ
ρ

+
= �FRQVWDQWH�OH�ORQJ�GH�OD�FRQGXLWH��

$�����H��4X¶DSSRUWHQW�OHV�FDOFXOV�SUpFpGHQWV�VXU�OH�GLPHQVLRQQHPHQW�GH�OD�SRPSH�FRXSOpH�DX�FLUFXLW�

SULPDLUH�"�/D�SXLVVDQFH�GH�OD�SRPSH�:SRPSH�GpSHQG�GH�OD�SHUWH�GH�FKDUJH�WRWDOH� W3∆ ��GH� P' �HW�GH�

Hρ ��$�O¶DLGH�G¶XQH�pTXDWLRQ�DX[�GLPHQVLRQV��GRQQHU�O¶H[SUHVVLRQ�GH�:SRPSH�HQ�IRQFWLRQ�GH� W3∆ �� P'

HW� Hρ ��/¶DSSOLFDWLRQ�QXPpULTXH�GRQQH�:SRPSH� ����:��TX¶HQ�SHQVH]�YRXV�"�

$�����I��8Q�5(3�SRVVqGH�SOXVLHXUV�FHQWDLQHV�G¶pOpPHQWV�FRPEXVWLEOHV� UHJURXSpV�HQ�XQH�VWUXFWXUH�

G¶DOOXUH�F\OLQGULTXH�DSSHOpH�©�F°XU�ª��/¶HQVHPEOH�GX�F°XU�FRQWLHQW�1� �������FDQDX[�LGHQWLTXHV�HW�

SDUDOOqOHV���

4XHOOH�UHODWLRQ�\�D�W�LO�HQWUH�OD�SHUWH�GH�FKDUJH�WRWDOH�GDQV�OH�F°XU� FRHXU3∆ �HW� W3∆ �"��

4XHOOH�UHODWLRQ�\�D�W�LO�HQWUH�OH�GpELW�PDVVLTXH�GDQV�OH�F°XU� BP FRHXU' �HW� P' �"��

(Q�GpGXLUH�OD�SXLVVDQFH�GH�OD�SRPSH�FRXSOpH�DX�FLUFXLW�SULPDLUH�GX�5(3��

352%/(0(�%���/81(77(�$6752120,48(

/D�OXQHWWH�DVWURQRPLTXH�HVW�XQ�V\VWqPH�FHQWUp�FRQVWLWXp�G¶XQ�REMHFWLI�HW�G¶XQ�RFXODLUH��/¶REMHFWLI�HVW�

DVVLPLOp�j�XQH�OHQWLOOH�PLQFH�FRQYHUJHQWH�GH�FHQWUH�RSWLTXH�2���GH�GLVWDQFH�IRFDOH�I¶��HW�GH�GLDPqWUH�

'���/¶RFXODLUH�HVW�XQH�OHQWLOOH�PLQFH�FRQYHUJHQWH�GH�FHQWUH�RSWLTXH�2���GH�GLVWDQFH�IRFDOH�I¶��HW�GH�

GLDPqWUH�'����

/¶REMHFWLI�GRQQH��G¶XQ�REMHW�pORLJQp��XQH�LPDJH�UpHOOH�DSSHOpH�LPDJH�REMHFWLYH��&HWWH�GHUQLqUH�HVW�

REVHUYpH�DX�PR\HQ�GH�O¶RFXODLUH��

%�����

%������ $� TXHOOH� FRQGLWLRQ� O¶°LO� G¶XQ� REVHUYDWHXU�� VXSSRVp� VDQV� GpIDXW�� Q¶DFFRPPRGH� SDV� �QH� VH�

IDWLJXH� SDV��"� (Q� GpGXLUH� OD� SRVLWLRQ� UHODWLYH� GH� O¶REMHFWLI� HW� GH� O¶RFXODLUH�� &H� V\VWqPH� RSWLTXH�

SRVVqGH�W�LO�GHV�IR\HUV�"�&RPPHQW�VH�QRPPH�XQ�WHO�V\VWqPH�RSWLTXH�"��

%������5DSSHOHU�OHV�FRQGLWLRQV�GH�*DXVV��5pDOLVHU�XQ�VFKpPD��VDQV�UHVSHFWHU�OHV�pFKHOOHV��PRQWUDQW�

OH�GHYHQLU�G¶XQ�UD\RQ�LQFLGHQW�IDLVDQW�XQ�DQJOH�θ �DYHF�O¶D[H�RSWLTXH�HW�pPHUJHDQW�VRXV�XQ�DQJOH� 
θ
GDQV�OHV�FRQGLWLRQV�GH�*DXVV��ILJXUH�����

)LJXUH�����OXQHWWH�DVWURQRPLTXH�

2� 2�

θ 
θ
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�����

'pWHUPLQHU�O¶H[SUHVVLRQ�GX�JURVVLVVHPHQW�GH�OD�OXQHWWH�



*
θ

θ
= �HQ�IRQFWLRQ�GH� 


�I �HW�



�I ��HW�FDOFXOHU�

FH�JURVVLVVHPHQW�VL� 


�I = �����P�HW� 


�I = ���PP��

%����2Q�FRQVLGqUH�XQ� IDLVFHDX� OXPLQHX[� LVVX�G¶XQ�SRLQW�REMHW�$� j� O¶LQILQL� VXU� O¶D[H�RSWLTXH�GH� OD�

OXQHWWH��ILJXUH�����6DQV�UHVSHFW�GHV�pFKHOOHV��UHSUpVHQWHU�OH�GHYHQLU�G¶XQ�WHO�IDLVFHDX�OXPLQHX[�OLPLWp�

SDU�OD�PRQWXUH�GH�OD�OHQWLOOH�REMHFWLI��HQFRUH�DSSHOpH�GLDSKUDJPH�G¶RXYHUWXUH���

([SULPHU�OH�GLDPqWUH�'�GX�IDLVFHDX�GH�UD\RQV�LVVX�GH�O¶RFXODLUH�HQ�IRQFWLRQ�GX�JURVVLVVHPHQW�*�GH�

OD�OXQHWWH�DLQVL�TXH�GX�GLDPqWUH�'��GX�GLDSKUDJPH�G¶RXYHUWXUH���

$SUqV� DYRLU� FDOFXOp� OD� YDOHXU� QXPpULTXH� GX� GLDPqWUH�'� GX� IDLVFHDX� GH� UD\RQV� LVVX� GH� O¶RFXODLUH��

PRQWUHU� TXH� F¶HVW� OH� GLDSKUDJPH� G¶RXYHUWXUH�� GH� GLDPqWUH�'��� TXL� OH� OLPLWH� HW� QRQ� O¶RFXODLUH� GH�

GLDPqWUH�'���2Q�GRQQH�'�� ����FP�HW�'�� ���PP��

%����2Q�FRQVLGqUH�XQ�REMHW�SRQFWXHO�VLWXp�j�O¶LQILQL�HQ�GHKRUV�GH�O¶D[H�RSWLTXH�HW�GDQV�OD�GLUHFWLRQ�θ

SDU� UDSSRUW� j� FH� GHUQLHU� �ILJXUH� ���� ([SOLTXHU�� GH� IDoRQ� TXDOLWDWLYH�� FH� TX¶LO� DGYLHQW� GHV� UD\RQV�

OXPLQHX[�ORUVTXH�O¶DQJOH�θ�GHYLHQW�WURS�LPSRUWDQW��2Q�GLW�GH�OD�PRQWXUH�GH�O¶RFXODLUH�TX¶HOOH�HVW�OH�

GLDSKUDJPH�GH�FKDPS�GH�OD�OXQHWWH��3RXYH]�YRXV�MXVWLILHU�FHWWH�DIILUPDWLRQ�"�

%����/¶REMHFWLI� G¶XQH� OXQHWWH� DVWURQRPLTXH� GRLW� rWUH� FDSDEOH� GH� GRQQHU� XQH� LPDJH� SDUIDLWH� G¶XQ�

SRLQW� LQILQLPHQW� pORLJQp�� 3RXU� FHOD�� LO� GRLW�� QRWDPPHQW�� rWUH� DFKURPDWLTXH�� '¶R�� SURYLHQW�

O¶DEHUUDWLRQ�FKURPDWLTXH�G¶XQH�OHQWLOOH�"�&RPPHQW��HQ�SK\VLTXH��TXDOLILH�W�RQ�FH�W\SH�GH�PLOLHX�"�

0RQWXUH�GH�O¶REMHFWLI�

)LJXUH�����OXQHWWH�DVWURQRPLTXH�HW�GLDSKUDJPH�G¶RXYHUWXUH�

2� 2�

'�

)LJXUH�����OXQHWWH�DVWURQRPLTXH�HW�GLDSKUDJPH�GH�FKDPS�

θ

2� 2�
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352%/(0(�&���5(&83(5$7,21�'¶(1(5*,(�9,%5$72,5(

/H� SUpVHQW� SUREOqPH� WUDLWH� GH� OD� UpFXSpUDWLRQ� GH� O¶pQHUJLH� JpQpUpH� SDU� OHV� YLEUDWLRQV� DPELDQWHV��

WHOOHV� OHV� YLEUDWLRQV� LQGXLWHV� SDU� O¶XWLOLVDWLRQ� G¶DSSDUHLOV� GRPHVWLTXHV� RX� LQGXVWULHOV�� 2Q� SHXW�

pJDOHPHQW�FLWHU�OH�F°XU�GH�O¶rWUH�KXPDLQ�FRPPH�pWDQW�XQH�VRXUFH�GH�YLEUDWLRQV���

&KDTXH� VRXUFH� GH� YLEUDWLRQV� DXUD� VRQ� SURSUH� VSHFWUH� �ILJXUH� ����� /HV� FDUDFWpULVWLTXHV� GX�

UpFXSpUDWHXU�G¶pQHUJLH�HQ�GpSHQGURQW�DLQVL�TXH�GH�O¶DSSOLFDWLRQ�HQYLVDJpH���

'DQV�FH�FDGUH��O¶XWLOLVDWLRQ�G¶XQ�V\VWqPH�PpFDQLTXH�UpVRQDQW�FRPPH�UpFXSpUDWHXU�G¶pQHUJLH�YD�VH�

UpYpOHU�SHUWLQHQWH��(Q�HIIHW��VXSSRVRQV�TXH�QRXV�VRXKDLWLRQV�UpFXSpUHU�GH�O¶pQHUJLH�G¶XQH�VRXUFH�GH�

YLEUDWLRQV�j�����+]�SRXU�XQH�DFFpOpUDWLRQ�PD[LPDOH�GH���P�V
��
��'DQV�FHV�FRQGLWLRQV�� OD� VWUXFWXUH�

DSSHOpH� ERvWLHU�� TXL� YLEUH�� YD� VH� GpSODFHU� G¶XQH� DPSOLWXGH� G¶HQYLURQ� ���P��3XLVTX¶LO� HVW� GLIILFLOH�

G¶LPDJLQHU�UpFXSpUHU�GH�O¶pQHUJLH�VXU�XQH�VWUXFWXUH�PpFDQLTXH�TXL�VH�GpSODFH�DXVVL�IDLEOHPHQW��QRXV�

DOORQV�XWLOLVHU�XQH�VWUXFWXUH�PpFDQLTXH�UpVRQDQWH�TXL�SHUPHW�G¶DPSOLILHU�OH�GpSODFHPHQW���

6RQ�PRGqOH��UHSUpVHQWp�HQ�ILJXUH�����SHUPHW�GH�GRQQHU�XQH�HVWLPDWLRQ�GH�O¶pQHUJLH�WKpRULTXHPHQW�

UpFXSpUDEOH� j� XQH� IUpTXHQFH� HW� XQH� DFFpOpUDWLRQ� GRQQpHV�� ,O� HVW� FRPSRVp� HVVHQWLHOOHPHQW� G¶XQ�

V\VWqPH�PDVVH�UHVVRUW�j�XQ�GHJUp�GH�OLEHUWp��

� �

'
pS
OD
FH
P
HQ
W�
�P
��

$
FF
pO
pU
DW
LR
Q
��
P
�V
��
��

)LJXUH������VSHFWUHV�GHV�YLEUDWLRQV�JpQpUpHV�SDU�XQ�IRXU�j�PLFUR�RQGHV�

)LJXUH������VWUXFWXUH�PpFDQLTXH�UpVRQDQWH�

0�

$�

]�W�

( )YLE
] W

%�

2�

]
H
JJG

�

2¶
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/D�PDVVH�GLWH�VLVPLTXH�P�HVW�VXSSRVpH�SRQFWXHOOH�HW�HVW�UHSpUpH�SDU�OD�SRVLWLRQ�GX�SRLQW�0��,O�V¶DJLW�

HQ�IDLW�G¶XQH�SRXWUH��&HWWH�GHUQLqUH�HVW�UHOLpH�DX�ERvWLHU�YLEUDQW�YLD�XQ�UHVVRUW�HW�YLD�XQ�DPRUWLVVHXU�

PRGpOLVDQW�XQ�DPRUWLVVHPHQW�YLVTXHX[�λ��/H�UHVVRUW�GH�FRQVWDQWH�GH�UDLGHXU�N��GH�ORQJXHXU�j�YLGH�O��
D�VRQ�DXWUH�H[WUpPLWp�IL[pH�DX�ERvWLHU�HQ�%���

/H� VXSSRUW� HVW� VRXPLV� DX[� YLEUDWLRQV� ( )YLE] W � GX�PLOLHX� DPELDQW��2Q� VXSSRVH� TXH� O¶H[FLWDWLRQ� HVW�

VLQXVRwGDOH�HW�XQLGLUHFWLRQQHOOH��/HV�SRLQWV�GX�ERvWLHU�RVFLOOHQW�GRQF�YHUWLFDOHPHQW�j�OD�SXOVDWLRQ�ω
DYHF� XQH� DPSOLWXGH� YLE= � GDQV� OH� UpIpUHQWLHO� WHUUHVWUH� �ℜ�� FRQVLGpUp� FRPPH� JDOLOpHQ� PXQL� G¶XQ�

UHSqUH� FDUWpVLHQ� ( )� � �[ \ ]2 H H H
JJG JJG JJG

�� $LQVL�� OD� SRVLWLRQ� GX� SRLQW� $� HVW� UHSpUpH� SDU� VD� FRWH���

( ) ( )VLQYLE YLE] W = Wω= ⋅ ⋅ ��&H�GpSODFHPHQW�LQGXLW�XQ�GpSODFHPHQW�UHODWLI�GH�OD�PDVVH�VLVPLTXH��

/D�SRVLWLRQ�GH�OD�PDVVH�VLVPLTXH�HVW�UHSpUpH�GDQV�OH�UpIpUHQWLHO�GH�OD�VWUXFWXUH��ℜ6��SDU�VD�FRWH� ( )] W

VXU� O¶D[H� �2¶]�� IL[H� SDU� UDSSRUW� DX� ERvWLHU�� /¶RULJLQH� GH�2¶� GH� FHW� D[H� FRUUHVSRQG� j� OD� SRVLWLRQ�

G¶pTXLOLEUH�GH�0�HQ�O¶DEVHQFH�GH�YLEUDWLRQ��6XLWH�j�XQH�YLEUDWLRQ�VLQXVRwGDOH��OD�SRVLWLRQ�GH�0�GDQV�

�ℜ6���SDU�UDSSRUW�j�VD�SRVLWLRQ�G¶pTXLOLEUH��HVW�GH�OD�IRUPH��� ( ) ( )VLQ] W = Wω ϕ= ⋅ ⋅ + ��1RXV�SRXYRQV�

DORUV�DVVRFLHU�j� ( )YLE] W �HW� ( )] W �OHV�QRWDWLRQV�FRPSOH[HV� ( )YLE= Mω �HW� ( )= Mω �UHOLpHV�SDU�OD�IRQFWLRQ�

GH� WUDQVIHUW� ( )+ Mω �� ( )
( )
( )

�

�

�

�

�

� �

�
�YLE

= M
+ M

= M
M
4

ω
ω ω

ω
ω ωω

ω ω

= =

− + ⋅ ⋅

�� �ω � UHSUpVHQWH� OD� SXOVDWLRQ� GH�

UpVRQDQFH�HW�4�OH�IDFWHXU�GH�TXDOLWp���

$LQVL�� VL�RQ�DMXVWH� OD� IUpTXHQFH�GH� UpVRQDQFH�j�FHOOH�GHV�YLEUDWLRQV��DYHF�XQ�IDFWHXU�GH�TXDOLWp�GH�

����� O¶DPSOLWXGH� GH� YLEUDWLRQ� GH� OD� PDVVH� VLVPLTXH� HVW� GH� ���� �P�� &¶HVW� VXU� FH� SULQFLSH� TXH�

IRQFWLRQQHQW�OHV�PLFURJpQpUDWHXUV�UpVRQDQWV��

,O�H[LVWH�WURLV�PpWKRGHV�GLIIpUHQWHV�GH�WUDQVGXFWLRQ�XWLOLVDEOHV�SRXU�WUDQVIRUPHU�O¶pQHUJLH�PpFDQLTXH�

HQ� pQHUJLH� pOHFWULTXH��� pOHFWURVWDWLTXH�� pOHFWURPDJQpWLTXH� RX� SLp]RpOHFWULTXH�� /HV� GHX[� SUHPLqUHV�

VHURQW�pWXGLpHV�GDQV�OHV�SDUWLHV�&����HW�&�����/D�WURLVLqPH�PpWKRGH��TXL�PHW�HQ�°XYUH�GHV�PDWpULDX[�

SLp]RpOHFWULTXHV��QH�VHUD�SDV�pWXGLpH�LFL���

/H�WDEOHDX�VXLYDQW�FRPSDUH�OHV�GHQVLWpV�G¶pQHUJLH�UpFXSpUDEOHV�SRXU�OHV�WURLV�W\SHV�GH�WUDQVGXFWLRQ��

7\SH�GH�WUDQVGXFWLRQ� (OHFWURVWDWLTXH� (OHFWURPDJQpWLTXH� 3Lp]RpOHFWULTXH�

'HQVLWp�G¶pQHUJLH�

PD[LPXP�HQ�SUDWLTXH�
��P-�FP

��
� ��P-�FP

��
� ���P-�FP

��

'HQVLWp�G¶pQHUJLH�

PD[LPXP�HQ�WKpRULH�
���P-�FP

��
� ����P-�FP

��
� ����P-�FP

��
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&����*pQpUDOLWpV�

&������4XHOOHV�VRQW�OHV�OLPLWDWLRQV�G¶XQ�UpFXSpUDWHXU�G¶pQHUJLH�YLEUDWRLUH�"�

&������ 4XHOV� VRQW� O¶DYDQWDJH� HW� OH� ULVTXH� G¶DSSOLTXHU� GHV� YLEUDWLRQV� DYHF� GHV� DFFpOpUDWLRQV�

LPSRUWDQWHV�j�XQ�GLVSRVLWLI�UpFXSpUDWHXU�G¶pQHUJLH�"�

&������ /D� PpWKRGH� GH� UpFXSpUDWLRQ� G¶pQHUJLH� DPELDQWH� HVW�HOOH� XWLOLVDEOH� SRXU� UHFKDUJHU� XQ�

WpOpSKRQH�SRUWDEOH�GH�W\SH�VPDUWSKRQH�"�

&������9pULILHU�TX¶XQH�VWUXFWXUH�TXL�YLEUH�j�����+]�DYHF�XQH�DFFpOpUDWLRQ�GH���P�V
��
�D�XQH�DPSOLWXGH�

GH�GpSODFHPHQW�GH����P��4XHO�HVW�O¶RUGUH�GH�JUDQGHXU�GH�O¶pQHUJLH�PD[LPDOH�WKpRULTXH�UpFXSpUDEOH�

SRXU�XQH�PDVVH�GH���JUDPPH�"�

&����)RQFWLRQ�GH�WUDQVIHUW��

/H�YHFWHXU�YLWHVVH�GX�SRLQW�0�GDQV�OH�UpIpUHQWLHO��ℜ6��HVW�QRWp� � 609 ℜ

JJJJJG

��/HV�DPRUWLVVHPHQWV�YLVTXHX[�

VRQW�PRGpOLVpV�SDU�OD�IRUFH�GH�IURWWHPHQW� � 60) 9λ ℜ= − ⋅
JG JJJJJG

��

&������(Q�O¶DEVHQFH�GH�YLEUDWLRQ��GpWHUPLQHU�O¶H[SUHVVLRQ�GH�OD�ORQJXHXU�j�O¶pTXLOLEUH� HTO �GX�UHVVRUW�

HQ�IRQFWLRQ�GH�P��J��N�HW�O���

&������ (Q� SUpVHQFH� GH� YLEUDWLRQV� ( ) ( )VLQYLE YLE] W = Wω= ⋅ ⋅ �� WURXYHU� O¶pTXDWLRQ� GLIIpUHQWLHOOH� GX�

PRXYHPHQW�GH�OD�PDVVH�VLVPLTXH�GDQV�OH�UpIpUHQWLHO�QRQ�JDOLOpHQ�GX�ERvWLHU��

&������(WDEOLU�O¶H[SUHVVLRQ�GH�OD�IRQFWLRQ�GH�WUDQVIHUW� ( )+ Mω ��4XDOLILHU�WUqV�SUpFLVpPHQW�OH�W\SH�GH�

ILOWUH�GRQW�LO�V¶DJLW��-XVWLILHU�YRWUH�UpSRQVH��

&������'RQQHU�O¶H[SUHVVLRQ�GH�OD�SXOVDWLRQ�GH�UpVRQDQFH� �ω �HQ�IRQFWLRQ�GH�N�HW�P��9pULILHU�TXH�OH�

IDFWHXU�GH�TXDOLWp�4�D�SRXU�H[SUHVVLRQ�
N P

4
λ

⋅
= ��

&������-XVWLILHU�O¶LQWpUrW�TXH�OD�IUpTXHQFH�GH�UpVRQDQFH�FRUUHVSRQGH�j�OD�IUpTXHQFH�GHV�YLEUDWLRQV��

&����7UDQVGXFWLRQ�pOHFWURVWDWLTXH��

/HV�PLFURJpQpUDWHXUV�pOHFWURVWDWLTXHV�SURGXLVHQW�GH�O¶pQHUJLH�pOHFWULTXH�JUkFH�j� OD�YDULDWLRQ�G¶XQH�

FDSDFLWp�FRQVWLWXpH�G¶XQ�FRQGXFWHXU�PRELOH��OD�SRXWUH�YLEUDQWH��HW�G¶XQ�FRQGXFWHXU�IL[H�DVVRFLp�j�OD�

VWUXFWXUH��6L�FHWWH�FDSDFLWp�HVW� LQLWLDOHPHQW�FKDUJpH�SDU�XQH�VRXUFH�GH�WHQVLRQ�FRQWLQXH�8��DORUV� OD�

YDULDWLRQ�GH�FHWWH�FDSDFLWp�SHUPHW�GH�PXOWLSOLHU�O¶pQHUJLH�GH�OD�VRXUFH�G¶DOLPHQWDWLRQ��/¶pQHUJLH�:

SURGXLWH�VXU�XQH�SpULRGH�
�

7
π

ω

⋅
= �SDU�FHWWH�FDSDFLWp�YDULDEOH�&��GH�YDOHXU�FRPSULVH�HQWUH� PD[& �HW�

PLQ& ��YDXW��� ( ) �PD[
PD[ PLQ

PLQ

�

�

&
: & & 8

&
= ⋅ − ⋅ ⋅ ��
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&�������

&�����D��&RQVLGpURQV�XQ�SODQ�LQILQL�XQLIRUPpPHQW�FKDUJp�HQ�VXUIDFH��SHUSHQGLFXODLUH�j� O¶D[H��2]��

GH� YHFWHXU� XQLWDLUH� DVVRFLp�
]
H
JJG

� HW� FHQWUp� HQ�2� �ILJXUH� ����� /D� GHQVLWp� VXSHUILFLHOOH� GH� FKDUJHV� HVW�

SRVLWLYH� HW� YDXW� �σ�� 5DSSHOHU� OH� WKpRUqPH� GH� *DXVV�� 3UpFLVHU� OHV� FDUDFWpULVWLTXHV� GHV� YHFWHXUV�

FKDPSV�pOHFWULTXHV� (
+

JJG

�HW�(
−

JJG

�FUppV�UHVSHFWLYHPHQW�GDQV�FKDFXQ�GHV�GHX[�GHPL�HVSDFHV�]�!���HW�]�����

HW�VpSDUpV�SDU�FH�SODQ��&H�SODQ�HVW�SODFp�GDQV�GH�O¶DLU��GH�SHUPLWWLYLWp� �ε ��

&�����E�� &RQVLGpURQV� GHX[� SODQV� LQILQLV� SDUDOOqOHV�3�� HW�3��� XQLIRUPpPHQW� FKDUJpV� HQ� VXUIDFH� HW�

SHUSHQGLFXODLUH� j� O¶D[H� �2]�� GH� YHFWHXU� XQLWDLUH� DVVRFLp�
]
H
JJG

� �ILJXUH� ����� /H� SODQ�3�� SRVVqGH� XQH�

GHQVLWp� VXSHUILFLHOOH� GH� FKDUJHV� SRVLWLYHV� �σ� HW� OH� SODQ� 3�� XQH� GHQVLWp� VXSHUILFLHOOH� GH� FKDUJHV�

QpJDWLYHV��σ��&HV�SODQV�VRQW�VpSDUpV�G¶XQH�GLVWDQFH�H���

3UpFLVHU� OHV� FDUDFWpULVWLTXHV� GHV� YHFWHXUV� FKDPSV� pOHFWULTXHV� (
JG

� H[LVWDQW� HQWUH� OHV� SODQV� DLQVL� TXH�

] H
(

>

JJJJG

�HW� �]( <

JJJJG

�FUppV�UHVSHFWLYHPHQW�GDQV�FKDFXQ�GHV�GHX[�GHPL�HVSDFHV�]�!�H�HW�]������&HV�SODQV�VRQW�

SODFpV�GDQV�GH�O¶DLU��GH�SHUPLWWLYLWp� �ε ��

&�����F�� 8Q� FRQGHQVDWHXU� SODQ� Q¶HVW� SDV� FRQVWLWXp� GH� SODQV� LQILQLV� PDLV� G¶DUPDWXUHV� GH� JUDQGHV�

GLPHQVLRQV�SDU�UDSSRUW�j�OD�GLVWDQFH�OHV�VpSDUDQW��FH�TXL�SHUPHW�GH�QpJOLJHU�OHV�HIIHWV�GH�ERUG��$XVVL��

O¶H[SUHVVLRQ� GH� O¶LQWHQVLWp� GX� FKDPS� pOHFWULTXH� (� UpJQDQW� HQWUH� OHV� DUPDWXUHV� VHUD� FRQVLGpUpH�

LGHQWLTXH� j� FHOOH� WURXYpH�� HQWUH� OHV� SODQV�� j� OD� TXHVWLRQ� SUpFpGHQWH�� /HV� GHQVLWpV� VXSHUILFLHOOHV� GH�

FKDUJHV���σ SRXU�O¶DUPDWXUH���HW��σ�SRXU�O¶DUPDWXUH����VRQW�GXHV�j�XQH�VRXUFH�GH�WHQVLRQ�FRQWLQXH�8

SRVLWLYH�TXL�OHV�UHOLH��ILJXUH�����SDJH�������

'pWHUPLQHU� O¶H[SUHVVLRQ� GH� OD� FDSDFLWp�&� GX� FRQGHQVDWHXU� SODQ� FRQVWLWXp� GH� FHV� GHX[� DUPDWXUHV�

PpWDOOLTXHV�WUqV�ILQHV��GH�VXUIDFH�6��GLVWDQWHV�GH� H G= �HW�VpSDUpHV�SDU�GH�O¶DLU��GH�SHUPLWWLYLWp� �ε ���

'RQQHU�O¶H[SUHVVLRQ�GH�O¶pQHUJLH�pOHFWURVWDWLTXH�:H�HPPDJDVLQpH�GDQV�OH�FRQGHQVDWHXU�HQ�IRQFWLRQ�

GH�&�HW�GH�8��

�σ�
]� ���

]
H
JJG

�

�σ�

��]�

]� �H
3ODQ�3�

3ODQ�3�

)LJXUH��� ��SODQV�LQILQLV�SDUDOOqOHV�XQLIRUPpPHQW�FKDUJpV�HQ�VXUIDFH

)LJXUH��� � SODQ�LQILQL�XQLIRUPpPHQW�FKDUJp�HQ�VXUIDFH

�σ�
2�

]
H
JJG

�

]�
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&������ /D� GLVWDQFH� HQWUH� OHV� GHX[� DUPDWXUHV� Q¶HVW� SOXV� FRQVWDQWH�PDLV� YDXW� ( ) ( )H W G ] W= + � DYHF�

( ) ( )VLQ] W = Wω ϕ= ⋅ ⋅ + ���O¶DUPDWXUH���FRUUHVSRQG�j�OD�SRXWUH�YLEUDQWH�HW�O¶DUPDWXUH���UHVWH�IL[H�SDU�

UDSSRUW� DX�ERvWLHU��/H� FRQGHQVDWHXU� DLQVL� FRQVWLWXp�SRVVqGH�XQH� FDSDFLWp� YDULDEOH� ( )& ] � FRPSULVH�

HQWUH� PD[& �HW� PLQ& ��'RQQHU�OHV�H[SUHVVLRQV�GH� PD[& �HW� PLQ& �HQ�IRQFWLRQ�GH� �ε ��6��G�HW�=��

&������/H�FRQGHQVDWHXU�YDULDEOH�YD�IRQFWLRQQHU�j�FKDUJH�FRQVWDQWH��/H�SULQFLSH�GH�IRQFWLRQQHPHQW�

VXU� XQH� SpULRGH� 7� �XQ� F\FOH�� HVW� OH� VXLYDQW�� ,O� IDLW� UpIpUHQFH� j� OD� ILJXUH� ���� /RUVTXH� OD� SRXWUH�

�DUPDWXUH����HVW�HQ� ( )] W == − ��OD�FDSDFLWp�HVW�LQLWLDOHPHQW�FKDUJpH�j� PD[T & 8= ⋅ ��LQWHUUXSWHXUV�.�

IHUPp� HW� .�� RXYHUW��� 2Q� RXYUH� .�� HW� O¶DUPDWXUH� PRELOH� V¶pORLJQH� SRXU� HIIHFWXHU� VRQ� SDUFRXUV��

/RUVTX¶HOOH�HVW�SDUYHQXH�HQ� ( )] W == + �� O¶pQHUJLH�:�HPPDJDVLQpH�GDQV�OH�FRQGHQVDWHXU�YDULDEOH�D�

FKDQJp��&HWWH�pQHUJLH�HVW�DORUV�WUDQVIpUpH�j�XQ�FLUFXLW�UpFXSpUDWHXU�G¶pQHUJLH�&5(��LQWHUUXSWHXUV�.�

RXYHUW�HW�.��IHUPp���3XLV��O¶DUPDWXUH�PRELOH�UHYLHQW�HQ� ( )] W == − �R��OD�FDSDFLWp�YD�rWUH�UHFKDUJpH��

/¶pQHUJLH�PD[LPXP�UpFXSpUDEOH�VXU�XQH�SpULRGH�7�YDXW� ( ) �PD[
PD[ PLQ

PLQ

�

�

&
: & & 8

&
= ⋅ − ⋅ ⋅ ��

&�����D�� 5DSSHOHU� O¶H[SUHVVLRQ� GH� OD� GHQVLWp� YROXPLTXH� G¶pQHUJLH� Z � G¶XQ� FRQGHQVDWHXU� SODQ� HQ�

IRQFWLRQ�GH�OD�SHUPLWWLYLWp�GX�GLpOHFWULTXH� �ε �HW�GH�O¶LQWHQVLWp�GX�FKDPS�pOHFWULTXH� ( �UpJQDQW�HQWUH�

OHV�DUPDWXUHV��

&�����E��0RQWUHU�TXH�O¶pQHUJLH�:�HPPDJDVLQpH�SDU�OH�FRQGHQVDWHXU�YDULDEOH�VXU�XQH�SpULRGH�7�YDXW�

( ) �PD[
PD[ PLQ

PLQ

�

�

&
: & & 8

&
= ⋅ − ⋅ ⋅ ��

)LJXUH��� ��SULQFLSH�WUDQVGXFWHXU�pOHFWURVWDWLTXH

)LJXUH��� ��FKDPS�pOHFWULTXH�HQWUH�OHV�DUPDWXUHV�G¶XQ�FRQGHQVDWHXU�SODQ

$UPDWXUH���

$UPDWXUH���

8�

8� &�]��

.� .�

&5(�
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&����7UDQVGXFWLRQ�pOHFWURPDJQpWLTXH��

$� SDUWLU� GX� VFKpPD� GH� SULQFLSH� LQGLTXp� HQ� ILJXUH� ���� H[SOLTXHU� OH� SULQFLSH� GH� OD� WUDQVGXFWLRQ�

pOHFWURPDJQpWLTXH�HQ�LQGLTXDQW�QRWDPPHQW�OD�ORL�SK\VLTXH�VXU�OHTXHO�LO�UHSRVH��

)LQ�GH�O¶pQRQFp�

)LJXUH��� ��SULQFLSH�WUDQVGXFWHXU�pOHFWURPDJQpWLTXH

3RXWUH�

%RELQH�IL[pH��

j�OD�SRXWUH�

( )YLE
] W

$LPDQW�SHUPDQHQW�

%RUQHV�GH�

OD�ERELQH�
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